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SUR LA. DISTANCE DB DEUX ENSEMBLES 
1>.AR 

MAURICE ERECHET 

{Umvemte de Strasbourg) 

Jnboduction — Dans une note “Sur les ensembles niesurables” 
pubh^e dans les Comptes Bendus de FAoad^mie des Sciences, 1923, page 
69, M Tad6 Wazewski obtient un certain nombre de propn^t^s des 
suites d’ensembles mesiirables en appliquant ime definition de la distance 
de deux ensembles mesurables qu’il attiibue a M, Nikodym 

Je me propose de montrer loi comment les lesultat de M Wazewski 
et de M Nikodym peuyent 6tie considei^s comme cas partiouliers de 
piopositions qua ]’ai obienu pi^cedemment concernant les suites de 
fonotiona mesurables 11 suffii’a pour cela de supposer qu’on limite 
ces propositions au cas ou les lonctions qu’on consid^re ne peuvent 
prendre que les valeuis zeio et un Alors cbacune de ces fonctions 
pourra Stie consideree comme la “fonction caracitostique d’un 
ensemble — mosurable on m6mo temps que la fonction — a savoir la 
fonction ^galo k un sur cei ensemble et nulle cn debors 

Distance de deuj(i ensemhles — Dans certaines tbtoies, Finfluence d’un 
ensemble est pour ainsi diro massique , il importe pen qu’on enleve ou 
qu’on ajoute un point k cet ensemble , il importo memo pen qu’on lui 
enlSvo ou qu’on lui ajoute une infinite de points pouivu que tons ceux-ci 
resient compiis dans un onsomblo de mesure nulle C’est en vue 
de I’utilisation de nos i^sultats dans ces thrones que nous allous 
nous placer 

^Tous avions convenu do considerer deux fonctions comme non 
distmctes lorsqu’ellos no diffeient que dans un ensemble de mesure 
nulle Si cos deux fonctions sont les fonctions caraotenstiques da 
deux ensembles lindanes K, P, cela reviont ^ dire que I’ensemble des 
points de E ([ui n’appartiemient pas ^ If et des points de E qui 
n’appartiemiont pas h E est de mesure nulle 

Ainsi on ne consicl6rera pas comme distincts deux ensembles E, E 
tels que 


mesure de [(E-"E) + {E-- E)]=0. 
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11 Nous avions dMniMa distance de deux fonctions f(r) 
comme la boine mfeueuie (/, <^) de la somme ^ ^ 

w+w„ 

quand w vane en icstant positif, en desi-nant -n^., 

"Tr deFensLbl. L, I’nt'oHrt 

i ^ 0 . vi';" r’Si'ri” — 

e. „\>. >•;, ;.r;„r r?™” » 

(E-F) + (F_E) de soite que ^ 1 ensemble 

vcut do cn pienant ?(? assez petit Si Ton oism qi^e 1 on 

infeiieine do iv + m est twi! h i? i I j )> on voit que la borne 

i y o'l ,i'o ,0,,. J„(„. 'r»wE ‘r,' 7 T!‘“‘ 

fonctions caractenstiques, on aura ^ ( > ) la distance de leurs 

(11, F)=mesure exteneurc de [(E-F) + (F-E)] 

que la diTw r <itxrsrbts 

hu6airos E, E ne ditercTaU* ar^LembLToLmrn^^^^^^^^^^ 
snaemblo de „ee„e „„ae e^j lem-distace (E. E) e„,l „eiie 

n 0„ e (E, p=(E, E) Et „ Fon „b«.t.e i E, E de„ „„„bl., 
Ei> 1^1 Equivalents au sens precedent a E, F, on a 

(Ej, EJ = (E, F) 

III Quels que soiont les ensembles Imeaires E, F, G, on a 
(E, F)^(E, G) + (G, F) 

Seulement on remarquera que si notre definition coincide avec 

lingairos consid&es sont mesurables, die subsiste et vfefie encore les 
conditions I, II, III pour des ensembles lingaires quelconques 

le mgmoire cit6 plus haut, nous ^tablissions 
que la classe des fonctions quelconques d’une variable numenque ir est 
une classe (D), c’est H dire qu’on pent y dgfinir une distance compatible 
avec la definition de la convergence des suites de fonctions si Ton a 
dioisi pour colle-ci la convergence en mesure de F Eiesz— genEralisee au 
cas des fonctions quelconques 

^ Bull, Calcutta Math Soo , Vol, XI, 1921 

» Dans le oas contraire, on prendrait pour fonotion caraot&istique d'un ensemble 
nne fonotion «gale snr I’ensemble i la longueur de I’lntervalle 


SUE LA DISTANCE DE DEUX ENSEMBLES 


3 


]S"oES avons done en somine prouve mie piopriete impoitarite d’une 
definition de la convergence introdmte piec^demment et qtii a rendu 
des services en Analyse 

Si au contrail e, on intiodnit a prion comme M Nikodym une 
definition de la distance de deux fonctions mesnrables, on ne pronve 
pas par la qu’une telle definition est possible , eela est possible dans 
toute classe et d’nne infinite de manieies , ce qtii ii’est pas ton 3 oins 
possible e’est de definir nne distance compatible avec nne definition de 
la limite donnee Mais inveisenient on introduit par la inline une 
definition de la conveigence d’une suite et il est utile de voir en qui 
consiste cette convergence, ou ce qiii sent ses proprietes 

D’apres la fa^on dont nous avons op^i^ on voit que si Ton convient 
qii’une suite d^ensetubles Imeaires Eg, . converge vers un ensemble 
E lorsque la distance (E, E„) tend veia zero, on retoinbe sur un cas 
particuhei de la convergence en mesure de E Riesz Comment se 
traduit-il loisque les fonctions consider ^ep par E Rie&z sont des fonc- 
tions caract^iistiqucs d’ensemble ^ 

La condition n^cessaiie et suffisante pour que la distance (E, E^) 
des deux ensembles linfoires E ct E„, converge vers zeio avec ,7 est que 
les poinis de E et de E^ qui no sont pas communs a ces deux ensembles 
puissent etre enfeiun^K dans un ensemble d^nombrable I„ d’lntervalles 
dont la longueur totale tend vei s zero avec 

11 y a lieu de faire remarquei que I’ensemble 1 „ d’lntervalles est 
variable avec n et en outre que si la mesure de tend vers 
I’ensemble commun aux 1 n’est pas n^cessairement de mesure nulle* 
Enfin les onsemblos limite complet et restremt, C et R, des ensembles 
E,t, peuvent aussi dilterei sur un ensemble de mesure non nulle 
L’example donn4 clans lo memoire piecedcmment cit^ relalif au cas des 
lonctions s’aclapto nnrn^duitement au cas des ensembles, Divisons 
I’lntervalle fixe J ou sont situ^s les ensembles consid^r^s en 2 inter valles 
^gaux Jj, dg, puis en t intervallcB ^gaux Jg, J^, Jg, puis en 
buit, ot 

Prenons alors pour onsemblo I’lntervalle J« , il ost manifeste que 
la suite des distances dos J„ ronseiuble B vide de tout point tend vers 
z^ro Pourtout rensomblo limito complet des J„ est constitu^ par 
rnitervalle fondamental J tout cntior, alors que leur ensemble hmite 
restremt ost vide comme E 

Il est par contre toujours possible d’exti-aiie d’une suite d’ensembles 
E„ qui convergent en mesure vex’s un ensemble E une suite partiouli^re 
E„i, Ena, pour laquelle non seulement les ensembles limites complet 
et restomt de cette suite pax'ticuli^re coincident ^ nn ensemble de 
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mesure imlle pr^s, mais eiieoie telle que Ie8 ensembles cl’excluMon T„ „ 
l»a, soient cliacun compiis c’ans le piecedent 

Bn d’anties teimes il est possible de eboisir paimi les B„, une suite 
particuliere E„j, B„,, telle que quel que soit B il existe une ensemble 
d’lnteivalles de longueui tolale inf^ieuie a E et en deliors desquels les 
E,, sont identiques (et identiques a E) k paitir d’un certain rang 

Cette proposition s’obtient immediatemeni en appliquant au cas 
des fonctions caiacteristiques un tlieoieme conceinant les suites de 
fonctions conyeigeant en mesuie, tbe'oieine demonti6 d’abord par 
E Eiesz poui les fonctions mesuiables et etendu dans inon mfemoire aux 
fonctions quelconques d’une variable 

Il results en partieuliei de ce qni pi^ce^de que les ensembles limites 
complet et restreint 0' et R' de la suite des E„, sont identiques a un 
ensemble pres de mesure nulle ce qui constitue la proposition IV de 
M Wazewski Mais la proposition actuelle est plus precise 

Enfin la proposition II de M Wazewski s’obtient immediatement 
SI I’on applique aux fonctions caracMiistiques d’ensembles, le r^sultat 
d^montr^ dans mon m^moire concernant la condition de convergence 
en mesuie d’une suite de fonctions On pent alors dire que 

Pour qu une suite d’ensemble, Ej, E^, converge en mesure il 
faut et il suffit que quel que soit E la distance (E„ B.+^) de I’un E. 
de ces ensembles a I’un quelconque E.+^ des suivants, soit infdneure I 
E quel que soit p, poui oi assez grand 

Autiement dit, quand on definit la conveigence d’une suite d’en- 
sembles Za coiwejycnce eu ummc, laclassedes ememlle^ linSai^eseU 
une classe (D) complete 

D’autre part, ]’ai montid ailleuis quelle impoitance ont pour 
une classe (D) ceitaines proprie'tds genelales qui permettent d’^tendre 
k cette classe un gi-and nombie de tbe'oiemes de la thdoiie des ensembles 
lineaires Etablissons ici certaines de ces propri^tds pour la classe des 
ensembles lineaires 

D’abord cette classe est e'videmment parfaite. Autrement dit 
quel que soit I’ensemble lin^aire E il existe un ensemble E distinct de 
E au sens adopte plus bant et dont la distance a E est aussi petite que 
1 on veut II suffit poui former F d’ ajouter ft E ou de supprimer de 
E, smvant le cas, nn inteivalle de longueur aussi petite qu’on voudra 

Onpeutaussi joindre deux^ldments d’un menie spb^ioide par 
un arc de Jordan contenu dans ce spheroide 

Autrement dit si Ton consideie deux ensembles line'aiies E, F dont les 
distances a un ensemble C sont au plus ^gales ^ p, il est possible de definir 
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un ensemble lineaiie dependant d’nn parametre f de soite que Go=B, 
Gi=F, que (0, G^) p pour 0 < 1 et enfin tel qiie (G^, Q /) tende 

veis zero quand (f—i) tend vers z^io 

11 suffit ^videmment de montrer que cela est possible quand Tun des 
elements E, F , — E pai example— e^t an centre du splieroide Cat alois 
il suffira dans le oas £>en^ial de joindre E a 0 et 0 ^ F 

Or consideions I’ensemble 

U=(E-0) + (C-E) 

et I’ensemble des points de E—C qui soiit situ^s dans Tmtervalle 
o, t, et de C— P] qui sent siLu^s dans Fintervalle (i, 1) On a 

Uo==C— E et U^=E— -C , done en posant G; = C E + U^ on auia 
Go=C et G,=E 

D’autre pait Tensemble (0— Gf ) -f (G^— 0) se compose de la partie 
de (0— E) comprise dans (o, f) et de la partie de E — 0 compiise de 
0 a Done la distance (0, G^) cioit constamment ou du moms 
ne d^croit pas quand t croit , ses valeurs extremes sont o et (C, G^) 
= ^0, E) p Pbnalement G < reste bien compiis dans le spli^ioide de 
centre 0 Bnfm, (G^ — G /) + (G G/) est un ensemble compris dans 
Fintorvalle (t, t'), par consequent 

( Gm Gf ): S (^'-0 

et I’eMment Gt depend continuement de t 

Done ce qut pr^c^de s’applique h des ensembles lin^aifes (Jtiel- 

conques Nous vojons ainsi que lorsqu’on adopte pour d^iilntion de 
la conveigence d’line suite d’el^ment la convergence en mesure, la 
class e des ensembles lin^aires est une classe (D) paifaite, complete et 
oti deux elements quelconques d’un spb^ioide peuvent 6tre joints par 
im aio de Jordan appai tenant h ce splieroide Cette classe possMe 
done toutes les propri^tes que j’ai enoncees concernant les classes de 
cette espfece dans men m^moire Bsqmsse d^une tlieorie des ensembles 
abstraits, University of Calcutta, 1922 ” 

Cm des ensmnhle*i Mesiimhle<i — 11 en est de m^me dans le cks 

ou on restieint la classe aux ensembles Im^aires mes arables D suffit 
en elTet de remarquei que dans les demonstrations pi’^cedentes, si on 
suppose que los ensembles donnes sont mesurables, les ensembles 
constrmts k partir de ceux-cx et utilises dans ces demonstrations sont 
aussi mesurables 

Mats on peut enoncer en outre Une propriete speciale k lU Olasse des 
ensembles Imeuires mesurables, k savoir que mtte dlasse est sepafatile 
ITous avons mdique en effet dans le second metuoire cite ^89) 
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r mesmables pent 4tre considere'e comme 

des r r ensembles de'nombrables, ^ savoir I’ensemble 

no ions qui sent constantes et de valeuis rationnelles dans 
obaenne des snb-divisions de I’lntenvalle fondamental ]imi4s pafnn 
nombie fini variable de points d’abscisses rationnelles Dans le cas 
ou on piend comme fonction des fonctions earactebistiqnes d’ensembles. 
^oit qiie laclasse des ensembles mesniables pent Stie conside'i^e 

noXl t! •r7“' P»- 1. dL 

ni <J inteivalles a eatrdmitds rationnelles Cost eii ntilisant 

"t!'” V*”' 

ondense En effet nous savons qne cela est vi'ai pour tout ensemble 
tu4 d une classe (D) separable 

JerappelU l, „gn.fieat.on du tMorSme Elant doane .» 

ense„b e ^nelcon^n, F d'en.embles lin&„es mesniables, tat 1” 
ensembl, non d&ombrable G de E donne hen i an moms „n oltaent de 

ZZ r T s ‘ “""Seant en m.snee dWble. 

I ZZ , ^ » -ftae d'ensombletirfs 

de G is quel que soit le sous-ensemble denombrable N de G 

“ r^sulteen paiticuliei ce coiollaue que de tout ensemble 
denombiable d ensemble Inieaiies mesniables on pent tiiei une 
suite convergeant en mesuie , et comme de celle-ci on peut extrane une 
suite d ensembles satisfaisant ^ la condition plus pre'c.se mdique'e plus 

haut, on pent dire en lesume ^ 

De tout ensemble non denombiable E d’ensembles lineaiies mesur- 
ab es,on peut tirer une suite d’ensembles P„ P, . F.. qm coincident 
entre euxk partir de ebaque rang n en debois d’un ensemble I„ compose 
d^nne suite denombrable d’lnteivalles dont la longueni totale tend ters 
zei^o arec etant compris dan^s 

II en resulte en paiticuber que I’ensemble limite complet et I’en- 
semble hmite lestreiut des P„ coincident en dehois d’nn ensemble de 

HT W ^ Proposition 

1 de M Wazewski moms pie'cise que la pxe'cedente 

Mramen de d^ve>ses defimhom do la -Dans ce qui 

precede nous avons admis qn’on prenait comme definition de la conver 
gence dune suite d’eiements, la convergence en mesure, I’ensemble 
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lin^aire convergeant en mesure vers E si E„ et E coincident en dehors 
d’un ensemble denombrable I„ d’lntervalles doni la longneui totale tend 
vers zero avec } l^ous avous vu quo dans ces conditions, on pent 
definir la convexgence par Tmtcimediaire d’nne distance 

D’auties dehnitions do la conveigence pai^aitiaient plus naturelles 
et ]1 est impoibant de montrei qu’elles ont rinconvdment de n© pas 
lepietei h I’lnteirnddiaire d’uno distance, en memo d’lin ^cait 

Par exemple on pouri’ait due que E,^ convex ge si ses ensembles 
limites complet et restieiiit coincident Mais si Ton adoptait une telle 
definition et si elle pouirait se tiaduire par Tinteirnddiaire d’uiie distance 
tout ensemble derive d’un ensemble d’ensembles lindanes serait fermd 
Or nous savons qu'il n'en est pas ainsi , car en paxtant par exemple 
de I’ensemble E des ensembles Imeaires foimes d’lin nombre fini d’lnter- 
valles, on trouve comme ensembles derive E^, un ensemble d’ensembles 
lineaires qui n’est pas ferme ’ 

On no pouiiait meme pas tiaduiro la definition actuelle do la convex - 
gence pai I’lnteirnddiaire d’un ‘‘ecait” Autrement dit, quel que soit 
la fa^on dont on feiait coirespondre a tout couple d’ensembles lindaires 
E, E un nombre [E, E] qu’oii appellerait ecart de E, F, ilsoiait impos- 
sible de satisfane aux conditions suivantes 

I [E, F]=:0 est la condition ndcessaire et suffisante poui quo E, F 
coincident 

TI Quels que soient E, F, on a [E, P]=:[F, E]> 0 

111 Ea condition neoossaire et suffisante pour que [E, E„ j tende vers 
zdio est que les ensembles limites complet et restreint do E„, 
coincident avec E 

En effet, ddsignons pai V, I’onsemble de point communs h tons les 
ensembles F tols que [E, F] < J Parmi ces ensembles F figure E lui 
mdnie, done est compiis dans E, quelque soit q Ainsi E comprend 
V^+Va-b , ces deux ensembles sont m§me identiques , car si un 
point a de E n’appartenait pas h Yx*f Yg + . il n’appaitiendrait pas par 
exemplociY, Si done on consider© une suite Eg, convergeant 
vers B, comme [E, E,^] tend vers z^ro on am ait [E, E,»] < J pour n assez 
grand par exemple n>p Done les E,, comprondrait Y^ partir du 
rang ^>+1, et par suite a n’^tant compiis dans aucun des ensembles 
E ^,+25 • pouriait etie compiis dans leur ensemble-limite E, 
contrairement k I’liypothese Anisi 

E=:\ 1 + Ya + . . 

Ceci ^tant prenons pour E un ensemble non denombrable. Alors Y^, 
Ya, ..ne pourront ne contenir chacun qu’un nombre fini de points On 
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pourra done choisir nne infinity de points distincts / ojg, dans 
run an moms do ces ensembles par exemple dans V, 

Oonsiderons alors les ensembles F„=E— , ils ont evidemment 
E pour ensemble limifce complete et lestremfc Done pour n assez grand, 
, par exemple pour n > on aura [E, B J <-f-, alors V, seia compiis 
dans B,h, et on airive a une contradiction pinsque ost 

compris dans V, sans Fetre dans E,„ 

Ainsi I’hypotbese de Fexistence d’un ecait doit etie ^cartde 
Convergent pre<ique uniforme — Nous avons suivi ici pour le cas des 
ensembles la m^thode qui nous a reiissi dans notre premier m^moire 
de Calcutta concernant la convergence oidmaire dos fonctions Operons 
de m^me pour la convergence piesque uniforme 

Celle-ci semble plus naturelle et plus utile quo la eonvoigonce en 
mesure et pourtant on la rencontre plus e Ycoptionnellornent liJlle consiste 
en ceci une suite d’ensembles lin^aires E^, E^, converge vers B si 
quel que soit E, on pent assignor un ensemble d^nombrable d’lnteivalles 
de longueur totale mf^rieuie a E tel qii’en dehors do cet ensemble 
d’lntervalles les ensembles E„ coincident avec E h partu d’un certain 
rang 

Montrona ciu’on arrive & une contradiction si Ton easaie do definir 
cette convergence presque umforme au moyen d’lin dcart 

Divisons oomme pidcedemment I’lntervallo foiidamental (0, 1) en 
2 puis 4 pms 8, ..puis 2" parties ^gales, et appolons T,„«, cos 

2”" parties ’ - 

II est mamfeste comme nous I’avons fait d^ja lomarquer qne la 
suite I,^, Ij», Ij’, Ij,*! fm", no eonvoigo uniform^- 

ment vers ancun ensemble En particnliev elle no converge pas 
uniform^raent vers un ensemble vide ot par suite I’^oiu-t [I„», 0] ne tend 
pas yers z^io. Si Ton appelle le plus grand do ces hearts pour m 
fixe, ne tend done pas vers z^io Autrement dit, d oxisto an nombre 
X>0 tel qu’une infinite des K, soit 7.,„„ resteut sup^ienrs 

a \ Soit alors celui des intervallos ]„/ dont F^cart avec z^ro est 
K, et 0, sou centre. On peut extiaire do la suite dos 0, une suite 
convergente, C\, C'., .0'. , sort C son point Iimite . appelons J',. 

J„ ..les iqtervalles J, coriespondant i 0\, C,,.... Qael quo soit le 
nombre £>0, on peut toujours piendro p assoz grand (p>'>) poui que 
C ^ et m^me J', soient aitu^s dans un mtorvallo de centre C do longueur 
£ Par consequent la suite des J'^ conveige presiiuo nniformement 
vers un ensemble ftul Done [J'^, OJ devait tendro vers z^ro Or nous 
savons que [J',, 0] > \ >0 
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OscuLATiNa Conics i^or the Curve /(. r5y)=0 

By 

Gurtjdas Bhar, M Sc 

An exhaustive treatment of equations of osculating conics of an 
algebraic curve a:=F(f) and y^G(t) has been given by Prof S 
Mukhopadhyaya ^ I have here attempted to extend the results for an 
algebraic curve given in the foim/(»,y)=:0 


1 

Let/(tV,i/)=0 be the equation of an algebiaic curve wheie may 

be supposed to be a lational integi’al function in x and y Also let the 
suffixes 1 and 2 denote partial deffieientiation with respect to and v 
respectively, % e,, let /i , /* ,/i i, a, a , etc , stand respectively for 


9/ 

0« ’ 


L/ 91/ ev ^ 

0-y’ e-o”' dedy' Qy^' 


If as usual p, q, r, s denote the successive dilfeiential co-efficients of y 
with respect to «r, we have 



fii fi* 

/» 1 ft* 

A /. 

' S Mukhopadhyaya — A Geneial Theory of Osculating Oonios — Journal and 
Proceedings, Astatic Society of Benpol (New Series), Tol IV, No 4,1908, Yol IV, 
No 10, 1008 


dc* 


1 

7.* 


A 

/. 

0 


L 

7,* 
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where 




/ll 

/a 1 

fi 

/a 1 

/, 


/.a 

/. 

Ja 

/a a 
fa 


ft 

/a 

0 

3J 

fa 

0 


K 

fa" ’ 


where 


and 


Ja 

/a i 
fa 


Ja 

fa a 
/a 


3J 

/a 

0 


and J, = 


dJ 

9 * 


^ 0 J 

dy 


— L. 

'd.* "/a' 


Let us iurther write 


K, 5K 

/aa 7aa /a 


Ps 


Q- 




Ja 

fit 

fit 

ft 

Ja 

/a a 
/aa 

A 

Ja 

/ax 
/a a 

ft 


ft ft 

Ja 

fit 

ftt 

ft 


0 


wheie K _ 9K _0K 


aj 

fa 

/. 

0 


Jj 3J 
fii ft 


ftt 

ft 

Ja 

ftt 

ftt 

ft 


ft 

0 


0 

ft 

2/i 008(0-/, 
0 

0 

2/,cos<o-/i 

ft 

0 


3J 0 
ft ft 


ft 

0 


/a 
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and 


1 cosw /i 

S cos w 1 /2 » 


1 

/x 

A 


0 1 





Jx 


3J 


Jx 

Ja 

3J 


/.X 

/a a 

/a 

, N-. 

/xx 

/i a 

fx 


/x 

/a 

0 


/x 

/a 

0 


1 cos <0 M 

T= cos (0 1 isr 

M IST 0 


2 

The general equation in oblique co-ordinates of a conic passing 
tltrongli two given points (tsv) form 

+ p(X-a,)(Y--2/)=0 

If it be a lecfcangular liypeibola we must have 
X + fl— ■ (v -f- 

m 

X , ju. 

le, — + — — — -v, 

’ cos Oi COS 0) 

where (o is the angle between tbe axes of reference The equilateral 
hyerbola through {oc,y) and (a’1,2/1) form 

A [(X-a'v){cosw(X-ar)+Y-i/}J 

COSO)"** 

4. Ji-, [ (Y —y) {eos wCY —y 1 ) + X— » 1 }] 

COS<*) 


+v[(X-x)(Y-y,) + {X-x,)iY-y)]=0. 
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Hence the eqnalaieial hyperbola through (a-, j/), (r„y,) 

IS 

{cosa)(X-i,) + Y-y}(X-.r,), {cos«(Y-yi)4-X-,t i}(Y-y), 
{cos<o( »a — ( ) +y 2 — 2/}0 3 —S’! )> {cos<o(y 2 — 2/i) + 1 > — , }(ya —y), 
{cos<o(^ 3 -r) + yj-y}(r»-r J, {coss)(y,-y,)+ »■,- c J(y,-y), 

(X— j')(Y— 2/j) — (X— .i’i)(Y— y) =0 

('3-')('ya-yi)-(.r2-..-i)fy,-y) 

(^ ■> -‘0 (V 3 -2/ X 1 - (a-, - .r 2 ) (y , -y ) 

H (>')2/)j (•> ijyi), (>- 3 , Pa) and are consecutiye points, we have 

'fi=x\de, Vi—y'hdy, 

x, = v + 2d<.+d^f, V,=y+2dy + (Py, 

i;,=a + 3&4 3<i»u + d»^., y^=zy+3dy + 3(Py + d^y, 

Substituting these values of (v„y,), and (,.„y,) and simplifying, 

we get, neglecting higher orders of differentials 

(X-i)^-(Y-yy, di(Y-y)-dy(X-i), 

2(di’ ~dy^), d,,d’‘y — dyd^.f, 

Q(dxd^x—dyd^y), did^y-dyd^x, 

m 

cosa>(Y-y)«4.(X-v)(Y-y) =0, 

2eoS(tf((iy) 2 +2dyd* 

6cos(odyd»y + Sdyd^.e + 3d i d*y 

as the equation of the osculating equilateral hyperbola at the point 

{v,y) If * be the independent variable d«i»=0, d' c=0 , . and the 
above reduces to ’ ' ' 


(X-*) 


“-(X-2/)».Y- 


3i-p(X-.a)), cos<o(Y-y)» + (X-.r)(Y-y) 

2j}®cos<o+2^ 

^ 6^gcoisw+8y 



OSCULATING CONICS 
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{(X-.>)‘-(Y-2/)>}(2p-35“)-2(X-r)(Y-2/){(l-p’)'+3p9*} 

+ 6{(Y-t/)-i3(X-a’)}2(l + 25'‘)+2cosa)[(X— c)“p(f-33*) 

— >(^-2/)“ +6p3{Y— 2/-p(X— O}]=0. 

Putting the values of p, q, i, tiom § 1 and simplifjing we get for the 
equation of the osculating equilateral hyperbola 


J, .1, 


3J 0 


(X-t)» 


Ai A, A A 

Ai A a A 2Acas<o-A 


+ CY-2/)‘ 


J ^ Jg 3«T 0 

Ai /i. A 2;,cos<o-/i 

A 1 A a A A 

A /a 0 0 


+ 2(X-.t)(Y-2/) 


Ji Jg 3J 0 

/ii /la A /a 

Ai Aa A /i 


1 /l /« 

0 

0 1 


1 

1 

cos <t) 

A 

1 

1 




6J 

cos <0 

1 

/. 

/i /a 1 

A 

f a 

0 


or with the notations of § 1 

Pf » 4- Qi? a + 211^1? - 6 J S ( /i I +/s ij) = 0 

where i=X-r and ri-Y-y. 

For centre we have 

P|+R>7-3JS/g=0, 

— 3JSA ’ 
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whence 


'^JS(/,Q-/,R)-3JS(7,P-7^) 

Now PQ-R' = -ST, 

ie:-- ^J(/iQ-/.R) _ 3J¥S 
T “T' ’ 

v=- -_ 3JNS 

T ~ "T" ’ 


x=x+ 

T ’ 


Y=v- 


(2) 


The general equation of the osculating come Is ^ 

= l%*{Y-2/-KX^r>}, .. (3) 


Now 


3<2'9— 5? ® = 


fr 



K, K, 

5K 


Ji 

A 

3J 

2 

31 

/ai Aa 

fa 

-5 

Ai 

A a 

A 


1 

/i A 

0 


/t 

A 

0 

J 


= JTO [^J{-/3X,+/J,K,+6K 


/a 1 fa 

ft fa 


-5K“J 


^ yro. l-mHmfl a +AA . . -A lA a -AA » , ) 


" T»<^e-A General Theory of Osculating Conioa, Zoo at 
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+/ j 1 . + 3/./a •!{(/= J. . +/ 2 A » > -h J. . -/i/» , J3J +31 , ( /, f , , 

-A/. = ) -2A/» , j 1 - fs A » +/i »A J = + A A « 3 * +/iA J , = } 

+ 15 J ( A/i . -/. A * ) { 3 J ( / 2 -/ 1 A » ) -/I J X +/ x /2 3 » } 

-5{9J“(AA«-/xA2)’+AJ?+AAJ2-2AAJx32 

— (>/®JJi(AAa~A /’22) + 3A/23Ja(AAa~fiAa)}] 

3x1 3j j /, 


7 




J, Jo 


+ 12 /?.) 


Putting 

r 5 


■3 


3i Ja 

/x A 


+J 


we haye 


Also 


Sa 

/a 

Ax 

A a 

Ax 

A a 

A 

J a 

1 1 

3xa 

2 1 

Jj 2 

L 

/a 


3L 

A*' 

1 3 

1 




JjlX ^32 f % 

/x A 0 


, + 2V/?J = 


III /l 8 
/l 2 I 22 


] 


fl 

f, 

0 


-41 


Ax A. Jx 


Ax /: 

A A 


a a 


-9J» 


/x 1 A a 

Ax A a 


p,_3g*= i 


/i 


1 


A I 
/x 

Jx 

A X 
A 


J. 

A a 

/, 

3b 

A a 

/a 


3J 

/a 

0 

8J 

/x 


/§ ’ 


on simplifioation. 


0 
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Substituting tliese in (3), the equation tiaiibforms into 



J. 

3J 

0 

a 






A, 

/. 

Y-y 


Y~ 

,1,-X 


1 

'ij 

1 

X 


=:3L 



Hh ISJ’* 

ftl 

A a 

A 

x-X 


A 

A . 


fr f. 1 

A 

A 

0 

0 







i;\hich IS tlieiefoie the equation to the osculating conic at the point (,r y) 
The CO oidinates of the centre are 




Y=2/- 


3g(pr--3qi«) 
dqs — 5r* ’ 


which readily transform into 



Ja 

Ja 

CO 



Y- . J 

Ax 

A. 

fa 

II 

T 



/i 

A 

0 





J, 

3J 


r 

T=!,+^ 

Ax 

/i a 

/i 

. JN 

=!'+-ir 



/x 

A 

0 


J 


4 


(4) 


The axes of the conic are determined as follows 

Putting f=X— a; and )7 =Y— the general equation of the osculat- 
ing conic may he written as 


(3g« ~ 5^ ® ) (V— pi) * + {lyr — ( p — 3g ® — 1% ® (i; — ) =0, 

or $’{p‘\+(pr-Bq^)}+ri>(\+, *)-2iri{p\+r( pr-Sq*)} 

— 18g®i;-hl8pg*|=0, 


where 


X=3^5-“5r®, 


OSOtLATING COJnCS 
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The axes of the conic 

+ 27icr?/ 4- -h 2gr c + 2/^ 4* c=0 

are given by 

^ ^ j/\{ah'^h^){a’\-h‘-~2hcos co); ® 4 A® =0 

wheie 


A = 


a h g 
h h f 
9 f 


being a semi- axis of the conic. 

Now -p^, , =^«+/y+c, G^J) l3ei»8 ttie centie 
ao—h^ 


Hence in onr case 


A 


+9g3 3g(yi-3g») ^ 


ab-h^- -^^2* r X X 

and o&-X»={p‘X+(p -33»)*}(X+7®)-{pX+r(2)r-3g»)}*=9X2« 
Hence if and r, be the semi-axes of the conic 

ri-h'5 


. _ A (a+^— 2Xcosa) ) 


{ab—h*y 


= _ ^ {\(l.f|)-*-f 2 pcos<o) + (p— 3g*)“-h2>-(pr— 3g’)coseo} 


J“ ^ 

!3L' 

1 

cos <0 

cos OJ 

1 

A' 


1 

COS 0) 

cos B> 

1 

M 

N 

] 

" ( 

1 

■s. 

/i 


0 


,M 

N 

0 

5 


= ^ (T-3LS) , 


? M 


4 — 
a — 


A’’ -( .A- V - A , 

(^ab—h^y \ a&— X» / at— X* 


= -27 


L» 
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5 

The equabion to the osculating parabola is^ 

{(X-^)(P<-3?*)-(T-2/)>}“=18?»{Y-2/-p(X-.«)} 
which tiansforms into 

J, 3J 0 

/ai ftt /a .t X /j fi 

/i /a 0 0 

In rectangular co-ordinates, the semi-latus lectum I is given by 
^ 21q'> 2^2 

{(pr— 3g*)* ~ Ji J, 3J ’ Ji J, 3J ® 

fii Aa A + Ai Aa A 

- A A 0 1 A A 0 

_ 27 

The directrix of the osculating parabola is 

KX— ai) + (pr— Sg** )(Y— j/) — IjCl-f p> ) =0, 

Ji J, 3J 0 

Ai A. A x-a 

Ai Aa /a X 2/ 

/i A 0 0 

6 

The circle of curvature in rectangular co-ordinates is 
(X~ai)‘-f-(Y-2,)‘=2(l^{Y-y-p(X-a)}, 


+|J(A*+/a*)=0 
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wliicli transformed is 




Y-y x-X 

f^ A 


The co-ordinates of the centre of curvature are 

q J 

Y=y+ , 

and the radius of curvature p is given by 


(l+p^y 

p= 


7 

The osculating conic will be an ellipse, hypeibola oi paiabola 
according as Sgs— 5r» is positive, negative or zero But we have seen 

that 3g5— 5»® = — ' Hence the osculating conic will he an ellipse, 

hyperbola or parabola accoiding as Ii is negative, positive or zero 
Hence the condition ‘ for a parabolic point is L=0, » e , 


T 

/. 

9 

Jii 

Ji. 

/xl 


fix /l9 

Ji 

1 /l 1 

/n 

d 1 

/i 

+3' 

J.i 

•Tg g 

/. 1 

p4J 

/si /a a 

Jg 

-9J> 

l/»x 

/ns 


/i 

/a 

0 


l/i /a 

0 




The condition that the osculating conic may be an equilateral hypeibola 
13 

X(1 -f-p”) -hi 


1 This condition and tho condition for a sextactio point given later weie 
communicated to me, without proof by Piof Harold Hilton to whom I wish to 
express my gratitude 
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■wMch kansforms into 



Jx 

J. 

3J 

2 


J. 

3J 

3L(A^ +/,““) = 

/xx 

/l2 

/x 

+ 

fi i 

/a a 

/a 


/x 


0 



/a 

0 




8 

The condition that the osculating conic may have a six-pointie 
contact at (!e,y) is * 


40j ®— 45gis+9g“<=0, 


Bq~(Hqs-hr<‘)-8iBqs-hr’‘/j=0, 

d c CktC 


or 




0 , 


where 


Li= Jl'and 

dx 


dy 



My best thanhs are due to Prof S Mukhopadhyaya for suggestions 
and encouragement and for the help received from his published works 
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Certain products involying the divisors op numbers 

By 

E T Bell 

[_Umve)stt^ of Washnffton'] 

(Communicated by Dr B. Datta) 

The products of this note, originating in a generalized Lambert 
series, ai’e sufficiently curious to deserve a passing notice By expanding 
these products for special choices of the arbitrary numerical function 
f{n) occuriing in the exponents of the several factors, it is possible to 
obtain numerous theorems on partitions of integers The most of these 
appear to be too complicated to be of much interest, although some of 
them have already been obtained otherwise by various writers and have 
appeared in the literatuie A few, however, might prove worth 
developing 

§] Let m, n denote integers >0, of which m is odd and n arbitrary 
If either of m or w occurs under 2 or H, _the sum or product is with 
respect to all volues of the m or n as defined The function/(i/) is 
numerical , that is, for each interger value >0 of y,fiy) tates a single 
finite value We shall write 

/'(») = Al) +/(<^ i) +A<*» ) + •• +/W- 

where 1, d^, d^, aie all the divisors of n, and it is assumed that for 
some 1 !« 1 >0 the series 


=2 


l-n,” 


(A) 


IS absolutely convergent When for a specific / the convergence 
condition is \x\<'k, and the variable « is replaced by gin), it is 
assumed that the condition is transformed, in accordance with the 
substitution, into \ y\ <!>■'• 
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§2 Dividing (A) thronglioiit by and mtegiafcing between tlie 
limits 0, (c, we get, on taking exponentials of both sides, 


... (1) 

§3 Let fjL(n) as usual denote the function of Mobms , /x(n)=0 if n 
IS divisible by any square >1, and otherwise ( 71 ) = + 1 or —1 according 
as n IS the product of an even or an odd numbei of distinct primes By 
convention The relation between /, / can be reversed, 

giving 


/(72)=2/x(^)/(S), 

whex’e the S refers to all pairs (c?, B) of divisois such that fZS= 7 ? 

If now we define by 

fOO=S/.(c2)/(8), 

it follows from (1) by a change in notation that 

.. ( 2 ) 

The formulas (1), (2) are merely different expressions of one fact , 
when the function ooenrring in the exponents under D is given, we use 
{!), otherwise (2) 

§4, When only plus signs occur in the products we need a theorem 
stated by Liouville, 

/,(m) = -f (m), f,{ 2 n) =2/(72) -f( 2 u), 

where the definition of /i(72.) is 

/,(«)=s(-i)^ m, 

the S e-?fcending as before to all pairs (d, S) of conjugate divisois of n 


To prove this, assume that for some « the Dirichlet series 


l»EOr)UCTS II^YOLVING TEE EIYISOES OE NtJMBEES H 

are both absolutely convergent On multiplying these together and 
using the identity 



we note that the coefficient of — ^5 which evidently is/i(? 2 '), is as stated 

n* 

by the theorem 

Pioceeding as in §2 we get 

.. (3) 

§5 When only odd mtugeis m occui in tlie product we require 
/jj (m), defined by 

tliG S extending to all odd divisors t of m Then 


■ 5 ! 


m 




and as befoie we infer 


§6 Obviously (3) can be obtained from (1) by cbangiiig « into 
and dividing the resulting identity member by member by ( 1 ) 

The result of changing a into — a in (4) is 



... ( 5 ) 

Hence by division we get from (4), (5), 


„/ 1-,.- .••)*■/» 

V l+a "‘ / 

... (6) 

§7 As the simplest illustrations of (l)-( 6 ) we may take /(«)=« 
for all integers Then/'00=f(’O. *1^6 sum of the divisoiS of n, and 

( 1 ) becomes 

. (1 1 ) 


u 


1 T BELL 


which. IS merely a restatement, in its simplest reading, of a well-known 
relation between partitions and diYisois Foi this choice of / the rest 
can be interpieted in similar ways 

Foi the choice f{n)=zl or 0 accoiding as n is oi is not the integer 
^>0, (2) gives 

... (2 1 ) 

and hence, for r=l, 




e 


— 


(2 12 ) 


In all such examples convergence conditions upon .e can be leadily 
determined from the corresponding series as indicated in §2 

If/C^) = ^^^) =+1 or —1 accoidmg as the number of piime 
divisors of n is even or odd, we have/(ii) = l oi 0 according as n is or is 
not a square Hence (1) gives 

... (1 2 ) 

For the choice /(w)==l, we get identities involving the number v{n) 
of divisors of ny f{n) in this case reduces to 1 for 7^=l, to zero for 
7^>1, providing a check 

Identities concerning partitions into primes exclusively (or into any 
other class of numbers, by the appropriate choice of /), can bo obtained 
by expanding the exponential function and develoi^ing the product, as in 




(1 3) 


whore is the sum of the distinct piime divisors of n, and 
refers to all primes 

As a last example take/^w)=<^, (ji), wheie Jordan’s totient 

of order ^ number of sets of 7 equal or distinct integers 
equal to or leas than n and copiime with n Then <l>^(n)=.cl>(n)y Euler’s 
function It IS well-known that Let 6 denote the operation 


uz y the os -derivative of the opeiand is to be multiplied by a’, and 
S'" means 6 eperating upon the result of 0*'“^ Then if ^^ = 1, 
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and from (1) we get 


n(l— -e—®’. -!(•«) 

For example taking »=1, a=|, 

1 s<^(n)/M I 




for r=2, * 1=1 




i>t {'n)jn 


for » =3, . 0 = 5 , 




<#.,(»)/« 


and so on 

Umvemly of Washinglon, 

18 Jauimry, 1924 


. (1 4) 


... (1 41) 


(1 42) 
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On liquid motion inside certain rotating 

CIRCULAR ARCS 
By 

SUDDHODAN GhOSE. 

In tlie present paper, I have discussed the problem of liq[uxd motiop 
in rotating vessels when the boundary consists of ( 1 ) four orthogonal 
circles, (2) three circles, one cutting the other two orthogonally (3) two 
orthogonal circles I have also deduced some particular oases of 
boundaries consisting of arcs of circles and straight lines 

1 Let tan 

so that const and 77= const represent two systems of co-axial circles 
cutting orthogonally 

If if/ be the stream function, and o) the angular velocity of the 
cylinder, then we have 

6 ^= 0 ^ 

at all points in the liquid and 

+y*) 4* const 

at all points on the boundary 
Evidently, 

y=:C + 2c 2 ( — l)“e COB ni, 

00 

a3=2c 5 (— ’^’^sinn^ 
w=l 

On the boundary ^= const, 

i/r=— co)ij cot^ + const 

=2<?*a> cot f 2(— 1)” ^ sin n^+coneL 
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On the boundary ■);= const, 

%l/^C(iiy coth^/4*const 

oc 

=2c*«cotlii}§(— l)“e cos «^+ const 

1 

Reclangle bounded by four circular aics 
2 Let the section of the cyhnder be bounded by the circles 
f=aj, ^ = a,, and 

Assume 

oo -hjS, 

i//=2n»>.>g{— coth/?aSinhn(7; — ^i) + s coth;8iS mhw(;8,— ij) 

1 smh «(|8, -/3j) 

X cos ni 

OC 

jw SinnagCotagSm aj-f sinna^ cota , sin w(ag — 

1 sm«(ai,— aj ® 

+ 1 { P„ smh (22«±1)5 ^ 

W =:0 ^ 2€2 


+ Q„sinh (2m^ 


OO 

+ 2 

m 


{ E. smh (?»+!> 


+ S.-smh (1) 

where 

2€j =ag ttj 2y=ag+aj^ 

2 «j,=/ 3 j— 2 S=^,+^, ( 2 ) 



Wten ^=ai and 


ON Liqoit) MOTION 
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Prom the boundary condition on we have, by multiplying both sides by cos 1)^ — y)d^ and integrating 

between and ^ 


so 


$UDDHODAN GHOSE 



B^cosh (,-^J+S»cosli sin (^_y) 


ON LlQ,tIID MOTION 
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ON tJQUTD MOTION 
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cosh (,-S) cos (i-y) 

( 2m+l)^., — (2m+l)»^^ cos,i(f-y) 



{ 2m+ 1 (2m + l ) 
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(2m+l)'jre, 



Subtracting ( 11 ) from ( 10 ) and dividing by tt we have 


ON LiqUID itOTlON 
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ON LIQUID MOTION 
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Triangle bowidecl by thee ctioles 

3 Lei the cjlmder Le bounded by ^=al, and y\’=^^ 

At the point where f==a^ and ^=^3 intersect, wo have i;=oo 
Assume 

00 _ 

i//=2c^(o ^ ( — 1)'‘ coth ySc cos 71^ 

=1 


00 

+ 2c^<)i) — 1) 

w=l 


H S] n Ma 3 CO t sin n{i—a ^ ) + sin na ^ co t a ^ sin 1 ) ^—nr) 

sin n{a^ — a^) 


00 

+ C^<0 § Pm cos 
m=0 


- (22 ^i+i> 

(2m+l)7r X 26 

(^-r) ^ 


+ r^co 

n 




00 .00 

7 1 sinliad— a,) ^ / ns i 

//.* 1 1/ ^iii aX sin a(Y)’--B)da 

sinh 2 a€ 

0 


+s„j <’ 

0 0 


00 ^00 

e ^^—~^^^^-^^^8maXsma{r}-‘^)cia'\^ , (1) 

smh 2 a€ v # / / ^ a 


where 2y=ai+ai, 2 €=a^— , ,* (2) 

and the form of a is such that a('r]—P) is a multiple of tt when 97= oc 
when 17=00 we have i/^=0 

when '»7=/3 and aa>^^>Ui 

2o^co cobh^§(--l)Vi ^cos?^f=2c^a>coth/32(-~l/e> ^cos^^ 

1 1 

j^^nS in naaCotaaSinn(g— a^) + sm Mascot a3^sinp(a3—^ )^-na 


+,: s P.co. U-y1 

m=0 


Multiplying both sides by 

cos a- y)cU 
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and integrating between tbe limits and we have 

Pm= ^ f— ^j !L (sln?^a„cota^ + sin cotag 


when and yj lies between ^ and 00 


( 3 ) 


___ •—'fi'f} 

2o®o)cotai ^( — l)”e sin^ia^ 

1 


=2c^o) cotai2:(““l)”^ Binyia^ 

1 


+ 2c^ci)^ ( — l)”e cotb . /5 cos 

1 


„ - C f ,d 

— c^ci) ^ S„ 1 e dXl 

n=l J J 


e dX I sin aX sin a{ri--^)da 


0 0 

But for positive values of 07 — /5 




e dX\ sin c&X sin a('>2— yS) e 

2 


0 


' 4 i 

we have S„=(-— 1 )" -e coth/^cosmj 

TT 

Similarly we have, from condition on the boundaiy ^=:ag 


R^ = (— 1)”+^- f e ^^coth ;Scos9iag 

TT 

To evaluate the integrals 

f 

^ cx> ^00 

Ij = i e fflX sin a(?)— / 3 )(^a 


( 4 ) 


( 5 ) 




""^.7X1 {cosa(X-7?+/3)~cosa(X4'77-/3)}<ia 



ON LIQUID MOTION 
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But we have ^ 


1 


sinli p i 
SI nil qx 


COB 

Iq 


VTT 

i„ 


C 0 S? 5 + oosh!I ’ 
2 2 


if p^<q^ 



sin^(^-“a) 

(^— “i) + cosh ^(X—ri+fi) 


TT 

¥e 




COS^ (f— ai)+ cosh ^(X+IJ— / 3 ) 


] 


sin^ (I— ui) 


Sin 0^ 


coB^^ (f— aj^) +cosli ^ (A+77— cos^jL +<20sla 1 


wliere 


Since X lies between 0 and 00 and 77— yS is positive therefore x is positive 
Now, 

Bin $. c) A n . A T 

= 2r sm [1 + ^ A,e ] 


cos 0 1 + cohIi , 


wliei e 

= (— l)"'2[cosn^i +COS (n—2)0^+ ] 

AnSm = ( — 1 j”2sm [cos nO^ 4-cos (n— 2 ) 0 ^ 4- ] 

= (— l)''sin(w4-l)^i 


sm 


cos^i4-cosba ^^=:l 


2 S (-l)“+ie smme^ 


^ Bierens de Haan, Tables of Dof Int (7) 265 
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2c 

c7s^7F^ai)+ cosh J/X+>7-^) 
2 c 


e-”^c?X 


oo C 

=2 2 C-1)”*^' \ 

-W2 = 1 


^ (X+^^/3) 

■”^ fZX e (f-“i) 


=2 § (-!)■“+' 
?H = 1 


7 (^-/5) 

97 (f—O'i) 

/rn.'jT 


/ ^ /. — 7iX 7. 

.m6,e -"^dX ‘'\- 

00 s 0, + coBh 


-nA 

sm j^A 

* cos 0 1 + cosll (X— IJ + ^ ) 


I„ to fat .fas»l»» “'» .■,BUtl..u.U„b x-,+^ „ |.„,1,V0 auJ „. 

the second X— 77+/3 ib negative 


2c 


when .0 IS positive 


^ — mid n 

Bi n ^ I ^2 2 (— Hin wwi 

COR^i+OOHIi t) »l=:l 


when .1 iB negative 


A ^ i wr A 

sin^i =2 S (— l)"*’^'® Hin HWi 

cos + cosh «i=l 



ON TJQNro MOTION 


4 J 



sin d-^e dX 
cos +cosh ~^{X~r]+/ 3 ) 


(n-^) _ ( ~ -(«+ 


=2 S (— e 2 < ■ 'sinw^iV e 
m=l 

v—^ 




=2 2 (- 1 )"'+^ 
m=l 


? sin , 




2 € 


1 


’’ siii^,e"“^dX 


cos 01 +00811 ^ {\—rj + ^) 

2 c 


mTT . 

oo - 2 . 

= 2 § (-l)’“+^6 

m=l 


- )x,i 

sm I 6 


'■1 


oo e — 6 

=2 2 (- 1 )'"+^ 


- ~ (v-^) 

2 e 


sin mO 1 


«i=l -”+ -2, 


1 


sin^^e c?X 


cos^i+cosli (A-— » 7 +^/> 


= 2 e 


-nir}-^) 


W = 1 


4 m 7 r€ 


sm I 


- (v-^) 


- 4 € 2 (- 1 )”‘+" 5 

^ mTT — 27 ^€ 

m=l 

But we liaye, when ^ lies between and 


sin m$^ 


sxan(i—ax) —2 5 ^ — — 

8 in 2 M€ ' 


=1 


„.V-W ■“ ¥«-■' 
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sin^ 

2 c 


COS^ (^-a,)+cosli^^(X--'»?+/ 3 ) 


2 c 


4 ce 

sin 2 w€ 


- 4 * S (- 1 )” 


- ^ iv-P) 

M ^^ 7 ^ 


mTT- 


it ^ \ 

— >'« - 2 . «-<■■> 


‘.=i[ 


3 in«(|-a.J 
sm 2ne 


^ / -1 «i4.i ^m-TT 

- § (-ir^‘ 

^=1 




m 


a7ra_4^a€^ 2c 


mTT . c V 

sin 


J E. ^ <iX j ■»> “(’-W* 

0 0 

,a i dX^ ga) miT nXRin a(rf--fi)da 1 

1 J sinli2ac 


OO -~7l& 

=2 § (-l)"+"e 

n=l 


X coth j8 


cosTOa,sin w(|— ixi)— QO S wai 8 inw ( ^— 
Sin 2 nc 


+ 2 2 (- 1 )-^^ 
^1 = 1 


e cofh /3 


l=:l 


(-ir 


2 w^ 7 ^ 


on*7r* 


-AiU^ 


Xe 






cos wag sin 




'WTT /> t \ 

■cosna,sin ~ Cf—a<a) 

2 f 


ON LIQUID MOTION 
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:2ooth.i8 2 ( gj— coswaiSinwC^— a„) ^-nv 

n=l sin2^i€ 


4-4 S: {A,, sin ^ (l-oj-f B„.sm a,)} 


2c 


C’J-yS) (6) 


m=l 


2€ 


where 


A«= ;S (— ’’^coth^cosjia. 




m®7r® — 4 i?2.®€® 


(7) 


B»= § (-1)"-+ ^ — , ’’^cofcli/3cos«a, 


But coswa^ sin w(^— ai)— cos^za^ sin a^) 

=cos ?^^sln 

therefore 




w=l 


sin ^(ag — ttj ) 


oo 


+4c' 


^ {A„, sm (^— aj)+B„, sin (f— 

m=l 


TlZ.'TT . ^ 

TT. 


+ 4c®a) § C,„ cos (^— y) 

^=0 


(^3+P^(r,-l3) 


(8) 


where 


p — ^ / linil-rt + l (2m4"l)'7r‘ 

n=l (2m + l)V«-4n«€« 




X (sln^^aaCotaa +SinnajCOta;^ ) e , 


(9) 
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therefore 


Hinna.oota„COSW(^-a,)— 3inMaiOota iOO&w(g-a O^-"’' 

<^=2c»a, S (-1) 

n“x. 


+ 46 ®<o § {A,„ cos ^ (|-ai) + B*eos (I— aJle 

m=l 


2€ 


oo 

— 4c®a) ^ Sill 

?5Z = 0 


(2^^ (f-y) e 


It 


( 10 ) 


4 The following parfcioulai oases can be deduced fioin the case ot 
thiee circles 

(1) Two orthogonal circles 

a3=a and a^ = — (ir— a) 

we get an ai^ea hounded by two orthogonal circles 
2€=7r and 2y=:2a — tt 


then after a little siinphacation we have 
oo 

xl/= 2 c'‘w cot a § ( — 1 )"'’ 

n = l 

+4c'(u cot S M sinTO(^— a) 


+4c*(i) 2 IT sin(2m+l)(^— a) «. 
m=l 


wheie 



TT 


^=l^ 


— ui5 
e 


ooth jS cos ua 
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and 


^|5=1 (2m+l)®— 4jp® 


cotasin2j3a 


The expression foi can be written down 
(2) Semi-lmie 

If we put /3=0, we get an area bounded by two circles and a 
straight line cutting them at right angles 

The boundary condition for ^=0 is 
*A= V 


c+2c^( — 1)” e COB ni 

= aljt j: 

?7=0 tanh^7 


oo 

2c5(— l)"+i ne cos 

Lt c(o 1 

^=0 sech ^r) 

=:2c*w§(— cos ni 
The boundary condition when ?;=/? is 

i/^=2c”a)S(-l)*e~”^ coth /? cos 

Replacing e ooth /3 by -*» we have 


f—2c^u> § (— 1 ) » ””'8 cot sin w(^— tt i ) + sm na ^ cot a, sin w(a, — f 

W=:l Sinw(aj,— ai)~ ~ ® 


OO WTT 

+4c>a>^^2^{A*sin ^ (^-a,) + B„ sm (f-aj} e 

OO . _ (2«1+1) TT 

+ 4c»o, 2 0„ cos L ^^+0" - g 2e ’ 

w=0 2€ 
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wliere 


A„= § 


mnir 


cos na^ 


•R — 3 : r — COS72a^ 

« = i 


n _ 55 / I ’n«i4-.i4.i (2m4-l)'7r (sin?ia„cot +sin7^aiCota, ) 

^ (2m + l)^^^-4n®€2 " 

(5) ea hounded by a circle and two cho^ ds at right angles 
Put /S = 0, ai=0, a,=a 

2y:r:a, 2c =a 


^ , i^^s,mna\Gotasinni+nsmn(a’—i) ’-'f^v 

\hr= 20 ^<t> ^ ^ ^ 

^ Sintra 

n=i 


in — — T //t-Vi C 

-|-4c®o) ^ sm — 
m=l ^ 


wnrr) 
mTT^ ^ _ 


( 2 m + 1 )'”’^ 

+4c»<o S 

m=0 “ 


where 


L„= § (- 1 )” 

W=:l 


mmr 


m^'TT^ — -n^a® 


[( — l)”‘cos wa— 1] 





Review 


It IS a. stiikiiig evjdence of tlie intellect aal virility of the deimans 
that even under their pi esent politically depressing conditions they 
continue to make solid and considei able oontiibutions to the cieation 
and difEusion of mathematical knowledge. Work in connection with 
the Encyclopedia of Mathematical Sciences initiated by Professoi 
Felix Klein in the nineties of the last century is being continued almost 
without any interruption with the result that during the last five years 
numerous parts of the Encyclopedia have been brought out A new 
journal of research, vt,z , the Matlip matisclie Zeitschoift^ came into existence 
after the aimistice and has proved itself to be very useful for the cause 
of mathematical lesearch A number of new series of mathematical 
hooks have been planned in the last five years Of one of such series, 
1^12, ‘‘Die Grundlehren dei Mathematischen Wissenschaften,” ably 
edited by Piofessoi Couiant of Gdttingen with the co-operation of 
Professor Blaschke of Hambiug and Piofessois Rtinge and Born of 
Gottingen, we propose to write at some length in the following lines 

‘‘ The senes is intended to consist of introductory text-books, each 
independent ol any othei, for the most important branches of Puie 
and Applied Mathematics ” The modern requirements of mathematical 
Hgoui are kept in view and the needs of the physicists and engineers 
are not lost sight of In each case, the text is illustrated by a 
number of problems and examples. 

Up to this time the following seven volumes have been published 

Blaschke’s Lectures on Difterential Geometry and geometrical 
loundations of Einstein’s theoiy of relativity ” in 2 Vols 

Knopp’s “Theoiy and application of infinite series.” 

Adolf Hurwitz’s “ Lectures on the general theory of functions and 
elliptic functions ” brought out and completed by P^of Couiant 

Madelung’s “ Mathematical means for physicists ” 

Speiser’s “ The Theory of groups of finite cider 

Bieberbach’s “ Theory of differential equations ” 

In the present issue of the Bulletin we piopose to leview the 
book of Bieberbaoh reseiving the leview ofthe othei books of the 
senes to subsequent issues 

Professoi Bieberbach’s book is specially lemaikable because of 
its being oiiginally conceived and also because of its being thoroughly 
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up to date in all those laatteis which it deals with The authoi s 
conception of an ideal text-book on differential equations is a hook 
which should enable the leader to study my oiiginal papei on the 
subiect with uiideistanduig and without feeling that he is studying 
something quite stiange to him Piofessor Biebeihach declares this 
ideal to be impossible of lealuation and has theietore contented himselt 
with a wise choice of topics some ot which, although of the greatest 
importance, have up to now found no adequate place in any text book 
The author divides the book into foui paits The fiist part deals 
with the oidinary differential equations of the fiist ordei The second 
with those of the second order, the thud with paitial differential 
equations of the hrat order and the last with partial differential 
equations of the second order 

The first part is divided into four chapteis which respectively 
tieat of elementary methods of integration, the method of successive 
appioximatioiis, the discussion of the course of the integral-curves 
and the differential equations of the hist order in the complex domain 
The second part is also divided into tom chapters which 
me respectively headed, the existence of solutions, elementary methods 
ot integration, discussion of the couise of the integral-cuives and 
linear differential equations of the second ordei in the complex domain 
The third part has only one chapter and the tourth is divided into 
four chapteis which bear the titles, general, hyperbolic differential 
equations, elliptic differential equations and parabolic differential 

equations 

On the second page the author makes the following stukmg prono- 
uncement . “ It IS, however, always the object ot the theory to aim 

at the determination of the properties of those functions which satisfy 
a given differential equation or a given system of differential equations. 
The smallest requuement is, to find an explicit expression tor these 
functions It is more important to deduce how the functional character, 
therefore, for example, the course of the curve-image, of the fuaotions 
giving the solution, depends on the properties of the differential 
equations and can be determined by them ” The first chapter of the 
first part gives an interesting and instructive exposition of the most 
elementary topics, including the standard forms The second, third 
and fourth chapters deal with matters which have found practically 
no mention in even the most recent edition of Piotessor Forsyth’s book 
so well-known to students in India Piofessor Bieberbaoh begins 
the second chapter with a careful statement of the existence -theorem 
which may be usefully reproduced heie 
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“ 111 the differential equation 


dy 

dx 


=f(r,y), 


tor a given convex region B of tlie y plane, let, /(.r, y) be continuous 
and satisfy for each point-pair (>, 2/ 1 ) and (»’, ?/a) m that region the 
condition of Lipsclntz 

I /(n 2 /i)““/(^ 2/2) I M I 2/1 -2/2 I > 

where M is a suitable positive number independent of x and of y^ 
and 2/2 Further, in B let 

!/(-■, 2/) I <M 

Further let a and h be two positive numbeis which satisfy the conditions 

6>n'M 

and for which the rectangle 


I ' — *0 I 
I V-Vo I 

belongs to the region B. 

Then there is exactly one function 

continuous along with its first differential co-efficient, which satisfies 
the differential equation, foi which, therefore, in 

I I 

</>'(■>) =f(<,4>(0) 

holds and which at the »same time passes thi'ongh the point (i^o, 2/0) 
for which theiefore 


</>(»o)=2/o ” 

In the third chapter, a singular point is defined as a point where one 
or more of the suppositions made in the afore-mentioned theorem are 

not true With a wealth of simple cases, er/, y^r=i+ V j y f j itm 
bi ought home to the reader that although the mere continuity of 
f(r>, y) ensures the existence of at least 0Y\e solution through every 
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point, a iiumber of solutions may pass throiigli that point. A classifi- 
cation of the Tarious types of singular points closes the preliminary 
exposition after which general theoiems on the course of integral 
cuives in. the real region are giren and then a careful and ludd 
exposition of the investigations of Poincare, Bendixson and Perron 
The tliirtl chaptei closes with an inteiesting discuHsion of singulai 
solutions. The fouith chaptei opens with the definition of fixed and 
moveable singulai ities, pioceeds with the treatment of difFcrential 
equations with single -valued integials and ends with the disoussion of 
the behavxoiu of the integrals in the neighbourhood of singular points 

A detailed i eview of the remaining parts is not desirable Suffice 
it to mention that the tieatment of the diffieiential equations of the 
second order includes not only the salient featui es of the hrsi* part but 
also an interesting exposition of the lelation lietweon those differential 
equations and the theory of integial equations, that the discussion of 
partial diffieiential equations is not only simple hut iigorons and 
that most of the latest lesearches on the sub]eot of the nature of the 
solutions of paitial differential equations of the sof'ond order find 
mention in the last part of the book 

Piofessor Bieberhach has laid the mathematical publn* under a 
deep delbt of gratitude by placing before it a book which is full of 
suggestive lesults and is a marvel of lucidity and ngoui 
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Sir Asutosh Mookerjee 

Tj)fe SheieJi 

Sii Asiitosb Mookerjee was bom in Calcutta on June 29, 1864 
His father Di Gangapiasad Mookeijee was an eminent physician and 
a much esteemed citizen of Calcutta Aftei finishing the piehminary 
coiiise m a veinaeulai school (1869-72) Asutosh was taken m hand by 
his father nnrlei whose diieefc siipei vision he pioseeuted his studies till 
1876 when he was admitted into the South Subuiban School and 
matriculated in 1879 at the age of 15 standing second in the list of 
the successful candidates His undeigraduate careei in the Piesidency 
College (1880-84) was one of nnifoim biilliance and in 1884 he 
topped the list in the B A. Examination He took the degiee of M A, 
in Mathematics next yeai and m physical Science in 1886. The 
same yeai he was awarded the Piemehand Roychand Studentship and 
admitted as a Fellow of the Royal Society of Edinbuigh He completed 
Ins law lectures in the City College and passed B L, in 1888 The 
same yeai he was eniolled as a Vakil of the High Couit, having at 
the same time completed the peiiod of aiticleship under the late Sii 
Rash Behai y Ghosh He had heen a Fellow of the Calcutta 
University since 1889 The Doctoiate of law was confeired on him 
in 1894 and his Law of Peipetuity embodying the lectures 
deliveied as a Tagoie Law Lectuiei is no less authoritative, though 
not so well-known, than the Law of Mortgage hy his legal Ovm 
Rash Behai y 

He entered the Bengal Legislative Council m 1899 as the 
lepiesentative of the Univeisity and was le-elected, two years later 
He lepjesented Bengal in the Indian Univeisities’ Commission 
appointed by Loicl Cuizon and took Ins seat in the Provincial 
Legislative Council foi the third time m 1903 as the representative of 
Calcutta Coipoiation The same yeai the Bengal Council sent him 
to the Imperial Legislative Council as its representative In 1904 he 
became a judge of the Calcutta High Couit 

He was made Vice-Cbancelloi of the Calcutta University in 1906 
in succession to Di Gooioodas Banerjee and held that honorary but 
highly responsible post until 1914 In 1907 he was elected Piesrdent 
of the Asiatic Society of Bengal, an office to which he was subseq[uently 
repeatedly elected. In 1908 he founded the Calcutta Mathematical 
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Society and was its fiist President at the time of his death. He 
accepted the Vice-Chancelloiship again in 1921 foi two yeais at the 
special lequest of Lord Chelmsfoid and Loid Ronaldshay He 
resigned his post as a Judge of the High Comt m Decembei, 1923 
On the 26th of June, 1924, he died at Patna 

What Sii Asutosh Mookeijee did foi the Calcutta Univeisity may 
be gauged by the vaiioiis tiibutes of lespeet paid to his memoiy aftei 
his death Of these, the following lesolution by the Syndicate of the 
Calcutta University may be quoted — 

We, the memheis of the Syndicate, at a special meeting convened 
for the puipose, place on lecord an expression of oiii profound giief 
at the death of oui leveied colleague, Sii Asutosh Mookerjee As 

Vice-Chancelloi or as an oidinaiy member of the Syndicate he had 
been intimately associated with its woik since 1889 Foi thirty-five 
years he placed Ins outstanding intellectual powers and his uniivalled 
energy ungrudgingly at the seivice of his colleagues, theieby enabling 
them 1o cany out a task which yeai by yeai became moie diflScult, 
laborious and exacting The remarkable developments in the woik 
of the University during the last two decades which it was oui 
piivilege as the lepiesentativea of the Senate to diiect, were laigly 
the pioduet not only of his constructive genius but of the selfless, 
incessant and devoted toil, which he brought to his task as a member 
of our body The peisonal and private soiiow which we each 
individually feel at the loss of oui distinguished colleague is intensified 
by our keen sense of the inepaiable injury to oui woik which will 
be caused by the absence of his indefatiguable energy, his diiective 
skill and his unique knowledge and expeiience In paying our 
soirowful tribute of lespeet to the fiiend, colleague, and leadei whom 
we have lost, and in placing on lecoid our piolound admiiation foi 
the seivices rendered to the cause of education by the woik which he 
accomplished as a membei of our body, we express the hope that the 
memory of his devoted labours may inspiie those of us who lemam, 
and those who follow us, to imitate his great example, and dedicate 
all the poweis which they possess to the seivice of then University 
and to the achievement of that object for which he lived, the 
advancement of learning amongst the people of lus motherland 

Sii Asutosh^s contributions to the stock of mathematical knowledge 
consists of nearly twenty papers published in the Journal of the AnaUc 
$octef// of Bengal, the Ilessenger of Mathematics mdi (^uaiteil^ 
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Journal of Mathematics^ diuing the yeais 1880-1890 Sii Abutosh^s 
boldness of vision and independence of thought — qualities absolutely 
necessary foi success as a mathematical investigatoi — showed them- 
selves very eaily when^ as a student of the fiist year class of the 
Presidency College, he wiote his first papei in 1880 This papei con- 
tains a new pioof of the 25tli pioposition of the first book of Euclid, and 
it appealed in vol 10 of the Me&seugei of Matheniatiu of Cambiidge in 
1881 Whilst still an undeigiaduate Sir Asutosh wiote a papei on some 
extensions of a theoiem of Salmon’s and this papei appealed in vol 18 
of the Messenger of Mathematics in 1884 In Octobei, 1884, he took 
a step which brought him to the thieshhold of what might have 
been a career full of high achievements as a mathematical investigatoi 
whilst a student of the fifth yeai class he gave a new method foi solving 
Euler’s equation based on the piopeities of the ellipse Sir Asutosh 
was a careful student , and he was so confident of his own abilities 
and intellectual poweis that as soon as he came across any pioblem 
which challanged lus intellect, he would at once attack 1 1 If, therefoie, 
he had studied with the same eaie a book on elliptic 1 unctions more 
modem in its contents than Cayley’s book, e g , Briot and Bouquet’s 
Theorie des fonctions elliptiques ■” which had appealed as eaily as 
1859, Sii Asutosh would have ceitainly made many impoitant 
contiibutions the theoiy of functions in general and the theory 
of elliptic functions in paiticulai But unfoitunately, like many 
Indians 111 the eighties, he thought that eveiything worth knowing 
about a mathematical subject could be found m English books 
As a matter of fact, English mathematicians weie themselves 
very late in picking up the new theories that had come into 
existence and been developed on the continent. Sii Asutosh had no 
guidance m his research work , there was no one m India in the 
eighties of the last century who could be woithy of being his guide. 
In 1887, Sir Asutosh took up the study of Monge’s differential 
equation for the general conic Boole had stated in his book on 
diffieiential equation*^ that the differential equation of Monge has not 
been geometiically interpreted Sir Asutosh undertook to obtain the true 
geometiical inter pi etation and criticised the intorpietations given by 
Professor Sylvester and Lt Colonel Cunningham which were res- 
pectively the following — 

That the differential equation of a conic is satisfied at the 
sextaetic points of any given euive ” and 
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^'That the eeeeiitiicity of the osculating come of a given conic is 
constant all lound the lattei 

Sir Asutosli devoted more time to tins pioblem than was iieeebsaiy, 
considering the fact that its solution was even then a mattei ot no 
great impoitance and is now of interest as a meie cniiosity Sii 
Asutosh published al together four papeis on Alonge’s differential 
equation and gave as the true geometrical interpretation the 
following — 

« The ladius of cuivatuie of the aberrancy cuivo (discussed by 
Tianson) vanishes at every point of every conic ” 

Among the othei publications of Sir Asutosh may be mentioned 
two papeis on isogonal tiajeetoiies, two papeis on Hydrodynamics, 
a paper on an integral of Poisson and a paper on the determination ot 
certain mean values by means ot elliptic functions Sir Asutosh’s 
contributions to mathematical knowledge were due to his unaided 
efforts while he was only a college student After llhaskara, he was 
the first Indian to enter into the held ot mathematical research as 
distino'uished from astronomical leseaich, and did much which was 

o 

tiuly onginal 

A list of the papeis of Sir Asutosh Mookei]ee is appended to this 
obituary 


ti-ANESH PkASAU 



M VTllEMATICAL pAPEliS 


BY 

SiK Asutosii Mookeejee 

(/) “ On a Geometncal Theoiem ” {Mmenge) of Mathewalics, Vol 

10, p 122) 

(/?) “ Exlensionfa ot a Theoiem of Salmon’s'* {Mesaear/e^ of Mnihe- 
niahci, Vol 1.1, p 157) 

[in') Mathematical Notes (Kepiiiits fiom the Educaiional Times of 
London) 

(/!i) Note on Elliptic tunetions ” which has been lefeiied to in 
Ennepei’s li/hplndie Finilhoueii {Qiiaitetlg Journal of 
Piue and Ajtp/ied, Mnt/iciiiutics, Vol 21, p 212) 

(^0 “ Oil the Difteiential Equation of a Tiajeetoiy ” which has 
been lefeiied to in Eoisyth’s Difoeutiid Jiiiauhoiis {Journal 
of the Asiatic tiotiiely of Bonijal, Vol 50, Fait II, p. 116) 
((./)“ On Monge’s Diffeiential Equation to all Conics” {ilicl, n 
\U) 

{oil) “Meinoii on Plane Analytical Geometiy ” {ibid, p 188) 

{mil) “A Geueial Theoiem on the Difteiential Equations of the 
Tiajectoiies ” {ibid, Vol 57, Fait II, p 72) 

{ui) “ On Poisson’s Integial” p 100) 

CO "On the Diffeiential Equation of all Paiaholas ” {ibid, p 316) 
('7) “ The Geomotiic inteipietation of Monge’s Difteiential Equa- 
tion to to all Conies ” whi(*h has been cited in Edward’s 
Jttfjcieiiiiid Ciih-ii/iis {ihd, Vol 58, Fait 11, p 181) 

{xv) "Some Ajiplieations of Elliptic Functions to Pioblemaof Mean 
Values, Fads I and II ” {ibid, pji 199 and 213) 

{rill) On Clebsch s Tiaiisloi inat.ioii of Ilydiokinetie Equations and 
Note on Stokes’s Theoiem of Hydialnuetie Ciiculation ” 
{ibid, Vol .59, ])p 5(> and 09) 

(.17 e) On a Cuive ol Aleiiaiiey {ibid, Vol 59, p 61) 

(id) “ Hemaiks on Moiige’s Equations to all Comes ” {ibul, 1888), 
{aoi) “ On Some Deiinite Integrals ” 
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to the Theoi-y of 

(xvit) “ On an Application of Diffeien la 
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On the etjnda-Mental theorem of the 
Integral Oalchlhs 


By 

Ganesh Peasad 


According to the fundamenttil theorem of the Integral Calculus, the 
integral function 


9 


F(aj) s \f{x)d.h 


has a difCerential coefficient /(a?) at any point of continuity of /(it) 
But the usual proof to be found in books on the theory of functions 
of a real variable fails altogether when we consider the question of the 
existence of the differential coefficient of F(aj) at a point where /(a?) 
has a discontinuity of the second kind 

The object of the present paper is to investigate the conditions, 
which must be satisfied by /(a) or the types of functions to which /(aj) 
must belong, in order that F(£b) should have a differential coefficient 
at a point of discontinuity of the second kind of f{m) The results 
obtained by me are believed to be all new 

For the sake of simplicity and fixity of ideas, I take the point of 
discontinuity to be and represent the integral function as 


X 




f(x)dx. 


Throughout the paper denotes a function which is monotone in the 
neighbourhood of £c=0 and which tends to infinity as oc tends to 0. 


I, 


§ 1 Let f{x) = ooBil/(x) 

Then, at ,if=0, F(^’) has a differential coefficient equal to zero when 
^(as) log 
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and F(a 3 ) lias no differential coefficient when 

log ^ 

Proof — 

(a) Case 0 log ^ 

Since 


integrating both the sides of the above ecjiiality, we have 


b 'C 

-,sini/^=l cos\l/di — I 

j J 

0 0 

X 




j" cos^«ia3=®~^+|' sm^d, 


Now consider 


This equals 


Lim F(.c) 
‘»'==+0 7 


.r 

Lim smi/r Lim I I il/*' , , 

c= + 0 ^ +^=+0 I J 


c 


But, since 
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and consequently 


(h 


IS eontmuous at *=0 Therefore both the limits in (li exist and 
equal zero Therefore 

Lim ¥(x) 
r= + 0 ^ 

exists and equals zero 

Similarly it can be proved that 

Lim F(a?) 

« 0 ^ 

exists and equals zero 

Hence F'(0) exists and equals zero 

(6) Case lo^ ^ ^ 

Integi’ating by parts, 

.1 ■* 

I cos i/- dr=aJCos 1 ai/f' sin ^ da- 

0 0 

Now, 

i , t.e , x\j/' 1 

Therefore af' sin i/r is contlfouous at .i=0 and, consequently, 


] 


\ ij/' Sin if/ dx 


has a difterential coefficient zero at .u=0 Therefore, at a^^O, F(.i;) has 
no differential coefficient, for ceco&xj/ has no dilferential coefficient there 

(c) Oase ^ i ^ 


Let 


i/r(,t’)=a-flogi, 
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where a is a constant, and ^ is positive Then, 


do (V 

F(;i3)=cosa^ coslogi^^»i’— sina^ sinlogit^t 


1 >1 1 1 

cos log - —sin log - 
a 

=£C cos a — u( sin a 


cos log + sin log 


1 1 eosa— sma , 1 

=zx cos log ~ ^ I sin log - 

it X 

= 71 + 


cos a + sm a 
2 



Therefore, whatever a may be, F'(0) is non-existent 
Generally, let 

>1^(0 = I [ or(aj) + l I log 

where cr(x)^ 1 

Then, proceeding as in (5), we have 


it it 

^cosi//c^5aj=a3 cos j xij/' smij/ d 

0 0 


= «J cos 


^4“ I I acr'log — — (l + <r) I 


^cos^— I sm\j/dx + G(a?), 

0 


1 

JC 


3 Ul\j/d)( 
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•whei*e G, being the integral function of a continuous integrand which 
tends to 0 with a , has a diferential coefficient zero at i’=0 

Therefore in the limit we may take 




cos i/rdt, = .LC 0 S I 8m\l/di 
0 0 


j 


Similarly 


t t 

= sini/^-fJ cosif/di 
0 0 
Therefoie, as e tends to 2 :ero, 


I 

i 


behaves as 


i e , as 




] 


cos xj/ d i 


cosi/^— sm \j/ 
2 



Hence F'(0) is non-existent 


II. fCx )=x(oo) cos ^ {00)9 X 1>eing monotone and limited 


§2 If /(a)=x(^0 <3osi/^(i)), wheie x" 0 la monotone and of the 
form A + Xi(^’')j ^ being a constant, difteront from zero, and Xi^ 1, 
then F^O) exists or not according as 


01 fi±,iog\ 

•X/ li ““ 


mAam^le 


iV 

^ ^ 1+ ^ cos i 


dja 


has a differential coefficient zero at «j=0, 
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III. /(Jc)=x(ac) cos</'(ac), ^C^heing limited hut not 
monotone 

§ 3 Let /(«)=x(®) oos^ix), where xM is not monotone hut is of 
the form A+XiC"®), A being a constant different from zero and Xi being 
equal to B cos f i (as), where B is a constant different from zero and 

'I'l 

Then F'(0) exists or not according as 

xjr ?'log or V' log i , 


ij/^ not being ^ 

Proof — 

X 

1^(0= (A+Bcosi/^Jcos ^di 


u> I f 

= Aj oos^|^dl+ I j'cos jcos(^->/'0‘^'’ 


( 2 ) 


Now, when 




?-logi, and also 


Therefore by § 1, each of the three integral functions in the equa- 
tion (2) to whose sum F(a!) is equal has a differential coefficient zero at 
jj=0, consequently F'(0) exists and is zero 

When ^ l^Sya ' 

then two oases arise , either 

,/r, ^.logi, ov xl/^':±,log~~ 


In the first case the second and the third integral functions in (2) 
hare each zero as their differential coefficients at «-0, and the first 
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integral function has no differential coefficient Hence F'(0) is non- 
existent In the second case there are three possibilities according as 


(^) 


^ and logi, 

t.ij dO 


(il) 

or 


and i/r,— .log i 
■A '-'log \ and logi 

X 


Foi (^), it follows from (6) of § 1, that behaves as 
"B 

A COS>A-hg cos (l/r-l-l/fi )•+•-- cos (<A— 

and therefore F'(0) is non-existent 

FT I ) 

For (^^), it follows from (6) and (c) of § 1 that : behaves as 

ACOS.A+ 2^2 £)+ 2^2 3 ). 

and therefore F'(0) is non-existent 

For it follows from (c) of § 1 that behaves as 

4 ™(++t)+ “■( '^+*.+j) 


+ 


B 

2V^ 



) 


and therefore F'(0) is non-existent 


Bxamfles 


( 1 ) 



has a differential coefficient zero at aj=0 
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( 2 ) 


^ cos=(^ log i ) sin |(^ log } 
0 


do5 


has no difierential coefficient at i -0 

£ f nndlei i//,=^(A + or) where 

i J - 1 A number of o«oo ™ 

(.) Hfr-logi, tol«.tt,o«teg»ltool.o™o<.qn.l.o»(2)<>< 
ae premoM «*.oU have e.ol. » to d.S.rentml o<«fflo.ento nl 
,=0, coUBOgnontlj ffO) «uto " Moordmg a» 

;r log A, or W-tOi'dB 7." 

„brch Ml.. o» bopo».bl..nl7^ A=1 prondod a.l .1 » 

m.a«.tood thatnO) •Imj.*™*'*' 

(..) If *^logA,to(f++,)-l»8p»'»»‘'‘» 


Tborefor. m 11.,. o..o ,1 .. o«.lT proved by prooo.d.ng » '« “• 
p«o.d«g »t.ole 1“ ''■TO » "on-enmlml- 




Thorrfor. .n ik» ».« “ 1’''““''''"' 

pr,..amg »l.ol.to 1!'(0) ■■ «on..x,.t.»l 


EjtaM'ples, 

OB 



has a differential coefficient at i'=0 and i» eqnal to i 
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( 2 ) 


COS log ^ ^ cos log^ d v 


lias no differential coefficient at £c=0 


yfj 

(3) ^ 1 + cos V (‘-ei.)} cos log^^ dx 


0 

has no differential coefficient at £c=:0 

X 

(4) 

0 

has no diffeiential coefficient at 15=0 


m; 

I cos“ log i sin log — dx 

1 a!* 


IV. yXac) =x(ac) cos f(x),x ix) >'1 

§ 5. Let /(''s)=x(*’)co‘*'/'(^)) 

where x(*) is monotone in the neighbourhood of x=0 and tends to 
infinity as x tends to zero. Then assuming that the improper integral 


X 

0 

t 

^ cos{<^(^)}i^, 

0 

j>{t) standing for f{x)^ the criteria of § 1 are applicable 
Examples 


exists and F(.i3) l^ecomes 


( 1 ) 


Hi 


dx 


has a differential coeffiqient at a3=;;0. 
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( 2 ) 



COS 


has a differential coefficient at ..=0, p being any positiye proper fraction 
and I being any constant greater than zero 


I 



0 


has no diffeiential coefficient at a— 0 



has a differential coefficient zero at a>=0 


Y. f(x)=x(x) x(^) l>eing neither limited 

nor monotone 

§ 6 If /(»)=x(®) where x('«) is monotone but makes 

an infinite number of fluctuations with indefinitely increasing amplitudes 
as X tends to zero, the procedures of the preceding articles cease to be 
applicable and in each case a special procedure is necessary. 

ExampleSi 

(1) Let 1+ ie^ tanks' cos^e* ^ 

OS 

I /(aj)di«=a?cos^ ^ 

0 


Then 
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Therefore F'(0) js non-existent. 

(2) Let /(»)= [ 1+ 7 ^an ( i J ^ 


Then 


a 

1 


/( €)d,V=:x COS- 


Therefore T'(0) is non-existent 

(3) Let /(«)= (1-h^:— p) +-^ tan cos ^ i 


where Jc and p are both greater than zero Then 




1 




COS 


1 


Therefore existent or non-existent according as or not 

§ 7 If /(.») makes an infinite number of fluctuations, not only in the 
noighbouihood of a.=:0 but also m the neighbourhood of any point 
{<o«} being an enumerable and everywhere dense aggregate with 
0 as a limiting point, then the procedures of the preceding articles 
oease to be applicable. 


Example 


a) 


Let /(iB)=2g^cos 



, where 


{(o„} IS the aggregate of 


rational numbers with 0 as a limiting point 


Now 



1 


03 — <0„ 


] 


SrT* CO® " 

\ 2" 03- 


1^1 1 
— + 25 i(a!-( 0 .)sin A- , 

“«» l2" 0)n 
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tenn-by-terifl differentiation being 
conoerned ai-e uniformly convergent. 


permissible, as all the seiies 
Hence, integrating, -we have 



+ 2 ^ 

0 


a. 






But obviously eacb of the two terms on 
equation has a differential coefficient for .i = 


the left side in the above 
0 Therefore F'(0) exists, 



2 


Tidal Oscillations on a Spheroid 
By 

B. M Sen 

The problem of tides on a globe was initiated by Laplace^ and was 
fuither developed by Kelvin, Darwin, Airy and Hough, In his tieat- 
ment of the tides on lotating globe, Laplace found the dynamical 
equations of tidal oscillations on a spheroid but passed off at once 
to the globe neglecting the eccentricity of the ineiidian section 
The assumptions on which his tieatment was based were the 
following 

(1) The motion is supposed small, so that the product and squares 
of the velocity are neglected 

(2) The pressure is the same as the hydiostatic pressure 

These are the usual assumptions of tidal oscillations 

(3) The free suiface is an equipotential surface and the depth 
h of the liquid is supposed small, but arbitraiy 

This implies that the surface of the spheioid is an equipotential 
surface or only slightly different from an equipotential surface 

(4) The ratio of the centiifugal force at the equator to the gravity, 
(o^a/g, IS supposed small 

(5) The eccentricity is neglected in the subsequent treatment 

(6) The attraction of the layer of liquid is neglected , this has 
been taken into account by subsequent writers 

In the following pages the problem of tidal oscillations on a 
spheroid rotating as well as non-rotating is dealt with The eccentricity 
of the meridian section is not assumed small , the problem, moreover, 
differs from that of motion on a globe by the fact that h is prescribed 
by the necessary condition that the surface of the spheroid and also 
the free surface must be equipotential surfaces 


* Fall references are given m Lamb’s Hydrodynamics, Art 213 et i>eg 
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§ 1 Let the equation of the planetary spheroid be 

^ + yl±i"^h 


Introducing the spheroidal co-ordinates, 


the spheroid is given by the equation 

^=:a, a constant 

Then 

8s being an element of length in space where 


, V 






( 1 ) 


... ( 2 ) 


... (3) 



1 


(4) 


§ 2 Consider first the ease of no rotation Let the depth of the 
liquid be h which is taken to be small Neglecting the mutual 
attraction of the liquid particles, for equilibrium it is necessary that 
the surface of the spheroid be an equipolential Now the potential of a 
solid homogeneous ellipsoid is given by the equation * 


where 


V=— 'JT pa&c{x — 

oo 

oo 

, 1 di{^ 

r 



X 

X 


dt^ 


(a^ H-?0Q 


etc. 


(5) 


and 


Q* = (a*+jt)(8»+w)(c«+M) 


In no case except that of the sphere, can the surface of the ellipsoid 
be an equipotential, We, therefore, make the assumption that the 


* Routh, Analytical Statics, Tol. 11, Art 223, the sign of T havmg been reversed 
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spheroid is heterogeneous and its equipotential surfaces aie confoeal 
spheroids. These are given by the relation ^=const , and V is a function 
of I only. 

§ 3 The equation of the meridian section is 





... ( 6 ) 


As the thin layer of liquid is encased between two confoeal 
spheroids, the depth 7i is given by the relation 


h= = 


( 7 ) 


where k is a constant If x height of the liquid above the 

undisturbed surface, the pressure at a height H above the surface of the 
spheioid is given by 


? =C+p(/.+x-H), ... (8) 

With the usual assumptions that the pressure is the same as the 
hydrostatic piessure and the variation of gravity along h is neglected 


I^ow 





] 


^=a 


( 9 ) 


As Y IS a function of ^ only, 
spheroid Putting 


8 Y 

^ IS a constant on the surface of the 


we have 



where / is a C(iistant 


( 10 ) 


We have, therefore, 


? =Oon8t 


ss Const +fh,x 


( 11 ) 
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§4 Denoting by u and w the velocities in tlie diiection of ^ and 
, respectively, the hydrodynamical equations aie 


|7=-7 


a»^_^ =-fKA(j>,x+%) 

Qt o ci6 6 <^ 0 ^ ^ f 


P d<t> 


( 12 ) 


(13) 


where fl is the potential of the distuibing forces 
The equation of continuity is 


or 


0f V h, / d4>\ hi / 

_d { H\ 

~^\K K 

J_ ^(JL- ( --- "l (14) 


Differentiating (14) with respect to t and substituting from (12) 
and (13), we have the equation satisfied by 

ih. hk ('«+?)} 

? )} ] ■ • 

or, + =/«[ g®j )(!-« |j('‘.X+ j)} 
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Assuming the motion is simple harmonic with time-factor the 
equation (16) becomes 






(i-^»)(l-a*>) 


j)=0, 


(17) 


i being a constant equal to a 

§ 5 Considering the case of fiee oscillations, we haye putting 

0 = 0 , 




+ QHKx) ^0 

(l-^")(l + a’‘) dV 


(18) 


We may further take h^x°^ i'l'e equation reducing i,o 

the form 



d(Kx) 


I H-d^+a*) I 


C*£“ 

xf 


-,r -;.‘)(i+,. ) - ( 19 ) 

This 18 a Imeai differential equation with constant coefficients 
The singularities are ^^= + 1 These points aie howevei regular 

For a globe of radius a, 

a=oo, c=0, while ca=a, 

this equation reduces to equation (1) of Ait 199 of (jamb’s ITydro- 
dynamics 

§ 6 Taking the paiticulai case of oscillations symmetrical about 
the axis we have putting r^=:0, 

1 "^O.x)=o 


(20) 
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Putting and assuming as a solution 

we have as the Indicial equation 

,(r-l)=0 

The successive coefficients are given hy the relation 

ffa— IVw— 2) + Aa=‘la„-a +Aa„-4 when 


( 21 ) 


( 22 ) 


_ {(w — l)(w 2+ Aa'*}o»-a when n<4 (23) 

“» w(n,-l) 

We may therefore write the solution in the form 
^aX=K + «.^'‘+«i^'‘+ } + 

§ 7 Consider the distuibmg body moving in the plane of the 
equator at a distance R from the centre If y he the gravitational 
constant, M the mass, R the radius vector, 4 I the angle between the 
radius vector and the y-axis, the potential O at a point on the surface is 
given hj tlie equation 

yM 

{ + (R cos * + (R sin 

vM Cl , 2/cos<)!>'4-2Sin<^' + 

= - R 1 “2 R* 


, 3 (vcos(?f>' + ;isincjf>')® 

+ 2 r3 




(25) 


neglecting terms of liiglier order in 



Tlie second term lepresents the potential of a uniform force ^ in 

the direction of the disturbing body The potential of the relative 
attraction is, therefore, 


I (yoosf +ssin<#>')^} 

Substituting this value in equation (17), we get the height of the 
tidal wave, though the equation becomes unmanageable. 
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§ 8 If the spheriod lias an angnlai velocity to about the a?-axis 
which IS taken into account, the piohlem becomes more complicated. 
The surface of the spheioid. is, as befoie, an eqiiipotential surface under 
the gravitational foice and the centrifugal force In fact, if the 
spheroid is taken to be homogeneous the suiface is that of a solidified 
^dacLaurm’s spheroid Making this assumption and taking the 
equation (1) as the equation of the suiface, the giavitational potential 
at the surface can be written in the foim 


fi=7rp{ao < " +/3 o2/" H-/3o ' ' -Xo} 


(26) 


where 


^ oo 

a„=a6oj — 


du 


+ m)A 


, 13 a =.ahc 


0 


dio 

(h^ A ’ 


Xo 




^,and = • (27) 


0 


The condition that the suiface of the spheroid is an equipotential 
gives the familiar condition 




(28) 


ITeglecting the variation of gravity foi a small depth we may take 
the potential at the free surface 


V=:V,+^^, 


(29) 


where 


0 ^ 


If I, m, n be the direction-cosmes of the noimal at r, ?/, ^ 





p being the peipendicuiar from the centre on the tangent suifaco 
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Since the free surface must be an eqmpotential, we must have 


But 


gh=zc 


( 30 ) 


lq=:2TpaQS 



>=\^' 

hj virtue of equation (28), A, being a constant 
We have, therefoie, 

h=:iJcp, 

where A; IS a constant 

§ 9 The equation of the meridian section bem g 
~ + — 1 


(31) 


i -j- CO® __ 

and cos^=-2? = 

The dynamical equations become (writing u for velocity in the direc- 
tion of f and V for velocity in the direction of <l>) 

du ^ - a 

~-2<,voos$=-h, ^^(Z-Z)g 

|^4-2a,«co8^=-;i3 ^^(Z-Z)g 
Z being the eqmlibrnim-heigh+ of the liquid 


( 32 ) 
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Tlae equation of continuity is 


JL ^ - 

- 

^712^ \ 

- ® ( 

Ivp \ 

dt 

afV 

. K )' 


. K / 


For free oscillations, symnaetiical about the axis. 


(33) 


■we have 


Z=0, 



2wv cos 0= —h , 
dt " 


di ’ 


‘4" SwM cos ^=^0 
ai 

Eliminating v, 


0 

07^ 


+4<a“ts cos’ — hi 


QHZg) 

0^0^ 


(34) 


(35) 


We have theretore as the Particular Integral, the exponential time 
factor being understood 


7 , 

0-2 — 4(0 COS 


(36) 


The complementaiy function is 

«=: A cos (2(0 cos^ ^ + €) 
Substituting in equation (33) 

0 

1 0Z Q ( hjP 6^0^ 

9^ 0^ \ ^3 0-2— 4(o®cos®^ 


(37) 


Putting 77 for -g-? , 



78 


B. M SEN 


Substituting for and Jig, "we get 




+r)ni+^’’)H= 





1 dri 

0-“ — 4a.®cos“0 



I being a constant a on the suitace of the given spheroid It is a linear 
differential equation of the second degree The solution, however, is too 
complicated to admit physical inteipietation 

§ 10 If we take the presence of the disturbing body into account, 

we have to substitute the value of Z, which is the equilibrium-height 
It IS given by the value of the potential investigated in Art 7 above. 
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On a theorem oe Lie RELA^TiNa to the theory or 
Intermediate Integrals oe partial dieeerenital 

EQUATIONS OE THE SECOND ORDER 

By 

Haeendranath Datta 

The theorem x'^eferred to is the following — 

If a partial differential equation of the second order pobsem^ two 
independent Intermediate Integrals (cf the Monge’s type'^), %t can he 
reduced to the form s=:0 hy contact transformation 

The ob]eot of the present paper is to show thafc the possession of two 
inteiniediate integrals is a sufficient condition hut not a necesscDy condition 
for equations of the second order which can be tiansformed into the 
form 5=0 by contact transformation For this purpose, it is enough to 
find at least one example in which the equation of the second order 
satisfies the following conditions — 

I It is reducible to the foim ,9=0 

II The transformation used is a contact transformation 

III It does not possess two independent intermediate integrals of 
the Monge’s type 

The equation found to satisfy the above conditions is the well-known 
equation of the Minimal surfaces, viz , 

1 

Taking Weierstrass’s solution of the equation 

{l + q^)r — 2pqb + (l+p^)t — 0, (i) 

we have 

. (ii) 

2/=^[--(l+w«)U"+2uU'-2U + (l + t;®)V"-~2^)V' + 2V] (lu) 

, = 2^^U" - 2U' + 2t;V"- 2 V' ( w) 

* From Art 264, page 296 of Forsyth’s Theoiy of Di^eienUal Uquattons^ Yol 6, it 
IS clear that Integrals of Monge’s type aie meant heie. The theorem was afterwards 
discovered independently by Darboux 
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where U and T are arbitrary functions of u and 'i> respectively and the 
dashes denote differentiations with respect to the coriesponding 
parameter 

If, now, we choose co-ordinates X, Y, Z in snch a way that X=w, 
Y=t7 and Z=j 3 [the relatioBb between v and .t, y being given by tie 
equations (ii) and (nij], then it is evident that (iv), when transformed, 

ft 2 y 

Will reduce to =0 by differentiation 

OXo J. 

But (iv) IS really the most general solution (expressed in terms of 
X, Y, Z) of the equation (i) 

Hence, the dii^erential equation (i) is lediiuihlo to the foim a=: 0 by the 
the pieceding transformation 



-“2- a/I-PP® -{- q* -y — ^ i + + 

j X — - - 

dx _{ i-uv)(i-u* ) ax 
Qp 2(1 + mu) ’ a 2 2(l+w) 

Qp 2(1+m«) ’ dq ’ 

Qp l+w 

and ^ {.»(l+«")U'" + «(l + i>“)Y"'} 

Qq l + 

Hence, Ps =2«U'" 
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NoWj the transformation used will he a contact transfmiaation if the 
relation 

d7i ■— Y = p(dz r, — qdij) (v) 

(where p does not vanish) is identically satisfied 
In the piesent case, the relation reduces to 

Pc^X + QrZY =:pd i + qdy 

if we take p=l 

It IS easy to see that chis last i elation is identically saii&fied as each 
side of it becomes equal to 

2uW'du + 2vY'"dv 


when expressed m terms of v, etc 

Hence, the transformation used in i educing the equation (i) to the 
foim 5=0 IS a contact tTcmsfoTnicilion, a fact which is at once clear from 
the consideration that both the sides of (v) are identically zeio heie 

III 

One of the subsidiary "systems of equations (Boole’s foim) ior the 
determination of the Intel mediate integials is the following ~ 


0?/^ ^ 0^ 


4.0-3^^ +(P + <^i{Z) 

0 aj oy o - 

and (T^ being respectively equal to 




the roots of the equation 

il + q^)(jL^+ 2 pqiM+{l+p ^)=0 


If u 1 and co-exisfc, then 

w'q ^w^[w^(w)]‘-Wj^[w^(w)]^^0 

by virtue of and =0 This cannot be unless 


+h^ =0, where 

dy 0* 


j.— + 

p—tq v'l+joM 
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sa 

Hence, we get w,=0 as a new equation. Now, (tt'i, w,)=0* by virtue 
of W? 3 = 0 . 

Also w^s{w^,'w^)=0 

, , ^ f dk\d^o 

Blit - • 

„ Qw f\ 

Hence Wa = g— — t) 

az 

13 a new equation which is necessaiy to make w'a =0 

We have now four equations, viz, «'jZ=«;j=W3=w,=0, in five 
variables p, q, J*, y, « It is also easy to see that these four equations 
form a complete Jacobian system 

Hence, there can be only one integral common to iyi=0 and «)j=0 
Hence, there is no Intermediate Integral (involving an arbitrary 
function) of rhe Monge’s type Similarly, it can be seen that the other 
system does not possess any such Integial 

Hence; we conclude that the possession of t"?! o Intermediate Integrals 
z. suffieimi condition hut not a necessai y condition ior zcpxztiom ot the 
second order which can be transformed into the form s=0 by contact 
transformation 


* The notations aie the same as those used m Forsyth’s T7ico)v 0 / D./erwtwl 

JEg^uationB 
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On an expression for 

an 

By 

SUBODCHANDRA MlTRA 


The object of the present note is to find a proof for a known 
expression for 


It IS nossible for us to express in the form 

an 


d 

dn 


J»(«)=J«W log.-( log2+^g±l^^ )j, (x) 


2in + 2) S^n'+S) 

J„(j)) satisfies the differential equation 

djo* » V / 

Diffeientiating with lespeot to v and writing 

^_ dJ.(c) 

we have 


dn 


do 


1+1 f?+( i-’i; 

® dju \ 


To find a solution of (A) we write 

t) = JH(aj)l0g.V+{A„JH(i»)+An + aJ n + 2 W+A„ + 4,J« + 4(.«) 

+ A„4.0 Jn + fl H" It* “f" A n + a } Jn+ a ) C "h '*•}’ 


(A) 
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Snlbstitu ting for v in (A) and talcing account of the diffeiential 
equations satisfied hy J«(ai), etc, we have after a little 

simplification, 


(n + 4)2 —72^ 
a"" 




I Jn+dC'*') 


- ? J'.w 

I’* 0 

Making use of tlie lecnrience foimula, 

tb 

we have 

A„+a{04+2j“—M’}J.+s(*) + A„+t{(«+4)“ — w“}J„+4(a!) + 

+ A,+j, {(«+2) )“—»“}.! a, (.(,) + 

=4nJ,(«)-2,J,_iO) 

Now 

2(iiH-2)Jn+a(£r) + 2(n4-4) . 


Therefore 

A»4.a{(«4-2)®-B“}J„ + »(a!) + A.+ i{(«+4)“-M“}J,+4(,())4 
+ A„ + a,{(n + 2r)'‘—n“}J„^a,(.») + ... 

^ (_)> -j 4 (m+ 2 i) ,(»)+ . . 

Tlierefore equating the co-efficients, we have, 

A _(»+2) A —4- (” + 

+ »+*-->- 2 {n+ 2 )’ 


(B) 


t 


(C) 


«Hr SS > 


K-)’ 


(n + 2 ? ) 
Q (n + r) 
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It now remains to deteimine A„ When n is any nnmhei, real oi 
complex 


(O/) — 


2"r(^^+i) 


I 2n!0; 


+ l)^2^2!(7i+l)(^ + 2) j 


the expiession being lendered piecisc by taking for % its pimcipal lalue 

Theiefoie the co-efficient of x in is 

(in 


log 2 


V'(n + l) 


\2^V(n + l) 2^{V(n+l)}^ J 
and equating it to the co-efficient of a" in A„J„(a)), Tve have 


A. = -(loe2+-;g^) ) 

In conclusion I wish to express m} indebtedness to Di N M Basu 
foi the interest he always takes in m} v,oilc and to Di A B Datta for 
his kind levision and expiession of opinion 
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A EEW INTERESTING RESULTS IN CONNECTION WITH THE 
MOTION OE A HEAVY INEXENTENSIBLE CHAIN 
OYER A EIXED VERTICAL BULLET 

A, C Banerji 

§ 1. Let Tis first assume tlaat there is no friction between the chain 
and the pulley, and the resistance of the air is neglected, and the cross 
section of the chain is small 

It will he an interesting exercise first to find the difference between 
the tensions at any instant at the two points L, M, where the chain 
ceases to be in contact with the pulley 

Let a be the radius of the pulley, and let m be the lineai density of 
the chain which is supposed to be 
constant , let A be a marked point on 
the chain , let the arc N A be 5 at the 
instant t ^ let P be any other point 
on the chain and let the length AP 
be o- , let the element PQ of the 
chain be Act , let Z NOP be B and 
Z POQ be 

Let R be the reaction per unit 
length between the pulley and the 
chain at the point P at the instant t. 

The total reaction on PQ is RAo" B 

to the first order of small quantities 

along a direction making an angle A<A with OP where A</>< 

Consider the equation of motion for the element PQ of the chain 
along the tangent at P 

Each element of the chain has the same velocity and acceleration 
as the marked point A at any instant 

mAcri;=mA<r5^ sin^+(T + AT) cos A^—T + RAtrsm A^ , 
neglecting small quantities of 2nd order we have, 
mh.(rv^m^(Tg sin 04- AT 


M 




1 


gg AC BANEUJI 

Dividing by A<^ and proceeding to limit we have, 

(IT 

mi/— mp'sin64* ^ 


. (A) 


Kow again, 


aO=zs+(r, 

as s IS independent of cr, differentiating along the chain we get 

ad6:=^dcr 

Integrate (A) with respect to <r from L to M and let Tj and Tj be 
the tensions at L and M respectively , we have 


M M M 

) C^?cr= mg Csin^tZcr+ f dT, 

‘ L h 


mv'tra^'f^igch 




sin 6d0 -hT ^--T^ 


TT 

2 


miraa=T,-T, • (B) 

Let ns examine this equation There are three intoiesting cases heie 
T, — >Ti, when m — >o , 

I e , the two tensions aie the same if the chain is light 
(„) T,— >T., when a— >o , 

the two tensions are the same if the pulley is small oven if the 
chain IS not light 

(m) 


T,=Ti, whon v=o 


I e the two tensions are the same if the chain is moving with uniform 
speed even if the chain is not light and the pulley is nob small 

Let us now calculate the total vertical upward pressures on chain 

It IS 


M 


I 


Rdcr COS 6 
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Now tlie equation of motion of the element PQ of chain along the inward 
normal at P is 

^:=^mAo‘g cos RAcrcos A<^+ (T+ AT) sm A^ , 
a 

neglecting small quantities of the 2nd order we have 
^ A(r =mAcr^cos^—RAcr+TA^ 

a 

T 

=:mAcr^ cos RAcr+ -Ao- 



a 


4-macos - , 
a 


where T is the tension at P 
§ 2 Now let us find out T 

Integrate equation (A) with respect to o- from L to P , we have, 



= — wgra cos 6>*f T-— 'T^ 
T=T^+mva(^~+ 0 'j+mga cos $ , 

+2mg COB 6+ ~ ^ ^ 


... (C) 
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Now let the total rertical Thrust on the chain be F Then 



TT 

2 

B>ad6 cos 6 


w 

'2 


ir 



2 

adO cos B 

TT 


2 




=:2cT ^‘--mv^)+mav7r+mga7r (D) 

=:Ti -f-Tj — 2m^;® +mgra7r ' (E) 

Ta=Ti+waw 

Let us also examine this equation , there aie three interesting oases 

(i) Let m — ^ 0 , then F — ^2T ^ , 

from ('D), , if the chain be light then the total vertical thiust on 

the chain is twice the tension at L or M 


(^^) Let t;=o and «;=:o, then F=2Tj+m^a7r 

if the chain is at lest and continues to be at rest then the total 
vertical thrust orx the chain is twice the tension at L or M together 
with the weight of the chain in contact with the pulley 

[N B , — If initially z;=a, but u=^q, then 
F=:Ti -f-Ta +mgair 
from (Ej, here Tg^^T^ 

^,e„ if the chain initially starts from res-t, then the tensions at L and M 
are different, and the total vertical thrust at that instant on the chain 
IS equal to the sum of the tensions at L and M, together with the 
weight of the chain la contact with the pulley ] 

(m) Let a — >o then F — >2(Ti— , 

i tf , if the pulley is small, the total vertical thrust on the chain is less 
than twice the tensions at L or M by 2mv^ 
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§ 3 Let us now consider m the case of a large smooth pulley, if it 
18 possible to make the total vertical thrust between the chain and the 
pulley vanish 

Let the end B of the chain he free Let us consider the equation 
of motion of the portion BM of the chain and let a> be measured from M , 


miv 


dv 




We have also 


Tjj =Ti +m%VTr , 


dv rn 

m i — T ^ * 

Ct h 


•mavTT 


Tx 


dv , 

-m,vv 

dv 


mav% 


ISTow the total thrust vanishes when ¥=o 


2(Ti — wt?*) +wa?;7r-f mpaTTrro 

from (B) 


•2\v «- 

dv 


•2avif — 4* uvTT-f agfTrsao, 


ISTow as 


we have 


dv 


(2r4*a7r)t;J.^4- 2 v*= 29' ^ ^ } 


(Gt) 


Put 


+ then zv ^^+v*ac( 5 r-' 

i dz 


~{z^v’‘)=2gz^ 

or 

^ + const. 


If we have the initial conditions that 
03=0, we find the constant to be 2fero 


.= , when 
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§ 4 It 18 e\penmentally possible to have these initial conditions 

At first we can hold the chain at rest with free end B at M by means 
of some contrivance applied to the left hand portion of the chain 

Then as soon as the experiment begins, we apply a suitable impulse 

at B so that a velocity equal to imparted to the chain, and 

at the same time the contrivance is let go 

If it is ob3ected, that with free end B at M, it is not easy to apply a 
contrivance to the left hand portion of the chain, before the expciiment 
begins, we can alter these initial conditions a bit and get new initial 
conditions which will also make the constant zero 

Initially take BM or .u to be ^ At first we attach a clip fixed to a 

stand to the portion BM, and another clip fixed also to a stand is attached 
to the lelt hand portion of the chain. As soon as the experiment 

begins we apply a suitable impulse at B imparting a velocity 

to the chain and at the same instant two clips are let go 
Under these initial conditions we have the constant zero , 




(•^f) 


dv a * 
3 



V 


^=1 

dt 3 


This 18 an interesting and important result, In the case of a large 
smooth pulley, tne vertical thrust between the chain with a free end B 
and the pulley will vanish if the chain moves with an acceleration 
equal to one third of gravity, with the initial condition as if a velocity 

equal to imparted to the chain when the free end B is at M 

%,e, at the same level with the centre of the pulley, 

When the radius of the pulley tends to zero, this initial velocity 
tends to zero, So in the case of a very small pulley we can say without 
much error that the initial conditions are t;= 0 , when a;=: 0 , 
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By suitable arrangements on the left hand portion of the chain it is 
eipenmentally possible to make the chain move with an acceleration 
equal to one third of gravity 

§ 5 Now let US take the case when a weight equal to that of 
length “ I ” of the chain is attached to the free end B of the chain 

The equation of motion for the portion BM of the chain with the 
weight attached at B, becomes 

m( I Tj, 

aid equation (G) becomes 

(2'c + 2/ + a^)^;^^ =^2gf ^ ^ 


Put + 

2 


then we have 


dv . „ 


+oo3nst 

If we hare the initial conditions such that 


tJ= (air-f 2Z) 


when 



z e,, 1=0, 


we have the constant equal to zero 



dv 

dt 
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In tbe case wliere a weight equal to that of length I of the chain is 
attached to the free end B, the vertical thrust between the chain and 
the pulley will vanish if the chain moves with an acceleration equal to 
one third of gravity, with the initial condition as if a velocity equal 


to 


^ a 7 r+ 2 Z ^ IS imparted to the chain when the free end 


B IS 


at M, ^ e , at the same level with the centre of the pulley 

§ 6 Let us now consider the total hoiizontal thrust on the chain 
Let H he the total horizontal thrust Then 


M 

Rdcr Bin 6 

L 

TT 
2 

= r a sin^ ^ ^ + 2m^ cos dB 

IT 

~r 

z=:2mav 

Now let us examine the three cases — 

(^) When m-’ — >o, H , 

^ e , when the chain is light, the total horizontal thrust vanishes even 
if the pulley be not small 

(^^) When a — ^o, H — , 

t e when the pulley is small, the total horizontal thrust vanishes even 
if the chain be not light 

) When i?=o, H — >-o , 

^ e , when the chain moves with uniform speed the total horizontal 
thrust vanishes 

[N B, By means of suitable arrax^gements it is not impossible to 
make the chain move with uniform speed ] 


; j * UadO sm 0 


TT 

*2 
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New methods OE APPROXIMATINa to the koots 
OE A NUMERICAL EQUATION 

By 

Neipendeanath Ghosh 

Tlie object of this paper is to develop a new method and to indicate 
others oy which the solution of any numerical equation can be approxi- 
mated to The procedure adopted embraces some methods already known 
and of these methods special interest has been attached in this pap^ to 
those of Newton, Horner and McOlintock It will appear in course of 
development that certain improvements have been made or attempted 
with regard to each of the above-mentioned methods 


The lmde^ly^ng punciple 

1 We shall consider lor simplicity of treatment rational integral 
numeiical equations Let be such an equation of degree w 

Let there be a root differing by a small quantity fiom a number a We 
shall describe methods by which the required root may be calculated to 
any desired degree of approximation 

Denoting by .t* the number p— <^(a), the above equation can be put 
m the form where we call .(* the residue of the equation 

corresponding to a The ultimate process of obtaining the root depends 
now upon the following fundamental theorem — 

If Uo, a^, a, and ^ be arbitrary paiameters there exists a 
rational integral identity 

^ (A) 

where A^, A^, A^ .are known rational integral functions of gs, . , 

given by 

Aq =<5f>(ao) 

Aia*ais()'(ao) 

ISAa =a, 
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4A* =a , ‘ ' (<*0 ) + 12ai “ a, ) + {12aa ’ + 24ai a, }<^"(«o ) 

+ 24a^</>'(ao) 


|^,= a* (ao)+ s(s— I)®* ^«2 ^^(ao)+ •• + [£«, '#''(»o) 




n~l (ft) 

=a a*_i</> 


K) 


» ,(») / \ 
.=a <l> (ao). 


A number of interesting relations existing among the co-efficients 
A-o, Aj, Ag lias been given in my paper entitled ‘‘ Algebra of Poly- 
nomials ” Chapter II * Of these -we give here two only which facilitate 
the successive calculation of the A’s 

1) A^ ^ ~ ^ 0 A , j 

where Aao stands for the lineai differential operator 


^1^ +2^2 
0^0 




-f-3a, 


0a, 


+ 


0 

0a. „ 


(2) (r-f ljA,+i= A {aiA^-|-2aiA,_i + 

O a0 

-fmrAi4-(r4*l)a,+iAo} 

2 To obtain the required root of the equation (j>(z)=:<l){a)+ \ by 
means of the foregoing theorem, we have to adopt a process of inversion, 
^ e , we have to find values for each of ao, a^^, agf®, a.^* in such *a 
way that the expression Aq + Ai^4- A^^® -h 4-A,„f*" m (A) may 
differ from €t>(a)'^£ by a quantity which can be made to vanish by 
sufficiently increasing s It is clear that the mode in which the above 
expression (henceforth to be denoted simply by Uj^ ) may be made to 

approach <j(»(a) -f- ^ is not unique and accordingly different methods of 
solving numerical equations can be attempted 

* BulleUn of the Calcuttq, MathemaUcal Society ^ Vol XIV, No. 8 
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Horne'i^s Method 

3 The method due to Horner of solving numerical equations is one 
of these’ where the above principle is maintained Befoie passing on to 
indicate other methods we wish to consider this straight-forwaid one 
with special reference to the particular mode in which the expression 
is made to approach < 3 f)(a) + 'r Avoiding details of the process, as 

being unnecessary here, we may proceed thus • 

The first trial a, having been made with regard to the required root 
of the equation we have 

^(a)Hhaj=jp (}) 

Put then =a in the identity (A) and consider the collection of 
terms of the expression represented by (j>(a+a^^)—<h(oL) Form 

the equation <j!)(a)=:i and let be an approximate value 

of (found by suitable trials) of the above equation, so that 

— ♦ 1 , where 1 | < 1 a? I . (ti) 

Put then t in the identity (A) and consider the terms of 

contained m the next collection + + Form 

the equation + and let be an 

approximate value of (found as before by trials) in this equation, 

so that 


+ r®)— <)5»(a+ai where | | < I ^ | 

Put then =:a^x^ in the identity (A) and proceed as before, The 
(tf+l)th relation thus obtained will be 

= where | ^, | < | | , (4»+«) 

Ooirbining the relations (^b ^ (6+^') we have 

<l>(a+a^ D + 4* * a,a^) =:p—Xg 

where r, represents the residue corresponding to 

(x-f 


98 


NRIPENDBANATH GHOSH 


Since i^j, la’ll, \ \ 1^,1 form a sequence of decreasing 

mimbers, the approach of towards <^(a) + a, ^ e is definite and 

certain 

4 The successive collections of terms in associated with the 

above process mark the path of approach of towards <l>(a)+x 

The manner of collecting resorted to in Horner’s method is exhaustive , 
for in considering a certain collection say 

of we notice that all the terms involving the unknown are 

included Such collections from will be called complete while 

others containing lesser number of terms involving the unknown will be 
called partial A partial collection having a single term involving the 
unknown is said to be simple, otherwise it is called multiple The 
collections represented by A^f®, Ag^^ involving respectively the 
unknowns a 0 ^ 3 are all simple partial collections Since they 
present themselves naturally in th-e formation of the identity (A) we 
shall call these the natural system of partial collections 


A New Method hy Series 

5 Proceeding in succession along this natural system of collections 
we develop a new method of solving numerical equations by means of 
senes in the following way — 

Put 0 - 0 = 0 - in the identity (A) and consider the collection A^^ 

form the equation A, ^=a5 linear in , whence (provided 

^ 9 (a) 

</)'(a)=^0). Put then 0^1= m the identity (A) and consider 

the next collection Agf® Form the equation A^i^=0 linear in 
whence 

i! 

—12 {c^'(a)}^ 


Substitute this value of in the identity (A) and form the next 

[equation A>^*=0 , whence 

Wa)}» 
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Continuing in tliis manner we come upon tlie collection lepresented by 
A, whence we choose a, such that A,f*= 0 , the group of terms 

representing the corresponding residue So long as the residues tend 
to become numerically smaller and smaller as 5 increases, the re(][uired 
root IS given more and more accurately by the (5 + I) terms of the 
infinite series 


iC^ ^»* + l 

If Or and be the co-e£Eicients of ~ and respectively in this 


senes then it will be found that 


/ 1 d\n _ 

\ da. / 


Or 


We shall represent the above senes by the symbol 




or 


simply by p 


and the value calculated up to its ( 5 +l)th term by a. Let E, denote 
the residue corresponding to a, , then we have the obvious relation 


Newton's Method 

6 Sometimes it is convenient to have the equation in the form 
^(2j)=0 To find the lequired root we put 02 = — <j!>(a) in the series 

and obtain the following series 


^ |3 ma)y 



represented by 
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If we take only tlie first two terms of tlie series then by the 

process of iteration theie follows the method of solving an equation of 
the form <;^(«)=0 due to Newton Since now we have found the complete 

series we may apply the process of iteration beyond the second 

term If, however, the series be not slowly convei'gent the 

process of iteration may with advantage be altogether dispensed with 

7 Let us illustrate the application of the series or by 

considering the following examples — 

(i) Solve — 2z — 5=0, 

Suppose we are going to find the loot lying between 2 and 3 

Put the equation m the form <^(2;)=^, so that cl>{z)=:z^—‘2z and p = 5 
choose a=2, then <ifc(a)=4 and —<)!>( a) = t=l 


Also 


<^'(a) =10, 
<^"(a)=l2, 

<^*'‘( a )=0 


Substituting these values m the series we have 


. 1 1 12 . 1 312«~10 6 

+ 10 “ |2 10“ + |3 10' 


=2 + 1 - 006 + 00062 
=2 09462, 

which gives the loot collect to the third decimal figure Proceeding 
to ttg, ttg we get moie and more accurate values For a closer 
choice 2 1 of a, even a 3 gives the root correct to the 7th or 8th figure 
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El (ji%) Solve 2 * + 42f®— 40® — 110+4=0 
Let us find the root lying between 1 and 2 

Take ^( 0 )= 0 ®+ 40 »— 42® — 110 + 4, 

then ^'(z)= 42 ® + 12 z® — 8 z — 11 , 

<3 !."(z) = 12z®+24z-8, 

^'"(z) =242 + 24, 

<^-»(z)=24, 


and the equation has the torm ^(z)=0. 

(o) Choose a=l, then 

<l>(_a} = -6, ^'(a) = -3, <t>''(a.)=28, 

^"'{a)=48, <^‘’’(a)=24 

The ratio being greater than 1, the series obviously can- 

V 

not afford a root 

(6) Choose a =2, then 

,/,(a)=14, ^'(a)=b3, <^''(a)=88, 


,^"'(aj = 72 <^‘’’(a) = 24 


Substituting these values in 



we have 


„ 14 14® 88 14® 3 88® -53 72 * 

03-2-53- 53® ~ |3 (53) » 

=2- 264151- 057927- 021233 


=1 65 . , 

where we can scarcely depend upon its first decimal figure, the series 
hemg slowly convergent, We, however, see that 1 6 is a closer choice 
for a than 2 


111 xmmencal calculations logarithmic tables have been used 
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{c) When a=l 6 

<#>(a) = - 9024, ^'(o)=23 304, <j!>"(a)=61 12, 

<A"'(a)=62 4, ^■”(a)=24 

Now Og becomes 

1 ft — 9024 ( 9024)“ 61 12 

23 304 t23 304)8 


^ ( 9024)“ 3(61 12)“ -23 304x62 4 
f3 (23 304)0 > 

or 1 6 + 038723 - 0019663 + 0001738, 

or 1 63693, 

which gives the root correct even up to the fourth decimal figure 

In order that the senes or (as the case may be) 

may afford a root it is essential that the series must not be slowly 
convergent The values of a for which this is maintained are in general 
ranged within limits either wide or narrow For want of a simple 
emvergenoy-cntenon of the above series these limits cannot be definitely 
pre-assigned 

8 Eeferrmg to Art 5 we observe that the series was formed 

9 

under the tacit assumption that Aj^ is numerically the gre&teBt collection 
in If ( Ujl I IS sufficnently small it is in general so irrespective of 

the values of <^'(a), <^"(a) * Smce it follows 

that I » I should be sufficiently small Thus the series must 

9 

lead to a root provided a can be so chosen that the residue correspond- 
ing to it IS sufficiently small in numerical value 

If I Ogf I IS only less than 1, but not suffidently small, unless ^'(a) 
happens to be large enough we cannot expect Aj^ to be the greatest 

collection The term <!>"{«■), for instance may exceed in 

* I “if I . I «!if“ I , I Osf“ I necessarily forming a aeqnenoe of decreasing 
numbers 
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numerical value if | a) | tend to become small while | [ 

tend to increase The series * p , will fail in a case like this A 

9 

different mode of collecting the terms of yields, however, an 

auxiliary series applicable in such a case We shall describe the 
method m the next article 

Returning for a moment to Horner’s method it may be remarked 

that the series can be applied at some stage in the method to 

reduce the labour entailed in the process The chief labour consists in 
the calculation of .r’s at successive stages of the method and it must be 

remembered that these calculations are intimately related with the 

process In practice, the application of the series is most 

convenient when the tnal divisor is effective (that is the residue is 
sufficiently small) 


Case of failwe of the series p 

9 Let us first explain the particular mode of collecting terms 
required in this process Take the term — m A^f® and 

form the first collection Next take the term A^^ along with all but 
the last in Ag^® and form the second collection Thus Kg will 

consist of the terms 


Next take the last term in along wifch all but the last in A^^* and 
form the third collection Kg Finally the sth collecoion K« will involve 
the last term in together with all the terms in + ^ The 

successive partial collections thus formed are all simple 

Put then ao=a in the identity { A) and choose 
such that f , Ka =0, Kg =0, K, =0 , we then have 
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'where aQ^a, 


a. 



** <^"(a) 3 {^»}«’ 



I V 1 

5 L2 {Via)}- 


, x<l>'(a)i,"'(a) 

{Aa)}’ 


_ 1 i“<#>*”Ca) 5 a!*{.^'"(a)ln 

"^IS {<j>"ia)}- ]’ 

and so on 

The process of inversion may thus be performed in two ways under 
the tacit assumption that is numeiically the greatest collection 
among the K’s So long as the residue 

-{a.|*^'(a) + A.+,^‘+»+ . + 


tends in each case to become smaller and smaller in numerical value as 
s increases, a pair of roots of the equation c^( 2 !)=(^(a) +aj is given more 
and more accurately by the (5 + I) terms of the infinite series 


a + 




2x 



<l>'(a) , 1 
<#>>) 3 




± 


- — --I ^ ^ 

We shall represent the above by * or simply by S In order 

that the pair may be real we must have x and of the same sign 

10 As an illustration of the application of the series S let us 
consider the case (a) of E\ (^^) in Art 7 The series p cannot be 
applied there by choosing a=l We shall see that the series S is 
applicable 

Choose a=l, then 

x-e, = <j!)"(a)=28, 




c^*«(a)=24, 



NEW METHODS OE APPROXIMATING ROOTS 


Now 



Hence 


1 

3 


jc<fy^\a) 2x48 

W(^v ~28 x 2S 


= 12245 


aa=l4: 65466+ 10714- 12245, 


= 98469+ 65466, 

= 1 63935 or 33003, 

Calculating also we find a 3 ^® = + 004116 
Therefore a 3 = l 63935^ — 004116, 

or a 3 = *33003+ 004116 


ins 


Thus the pair of roots correct to the second decmal figure is 
1 63, 33 If greater accuracy he desired instead of proceeding further 
along the series it is adrisahle to choose for a each of the values 
1 63, 33 separately and to apply the series p 


Oase when the roots are close together 

11 In the application of the senes S to find a pair of nearly equal 
(real) roots it is necessary to choose a such that | ^(<x) | is 
small and a? and When the roots of tho 

pair are close together the choice of a is difficult to he guessed, hut 
we are guided to the required one hy means of the root of €f/{z)=sQ 
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which lies between the pair The principle will he illustrated in the 
following example 

Eh,, {til) Solve + 1442+936=0 

Let ns consider the pair of roots lying between 4 and 5 

Take <^( 2 )=s^+ 82 »- 702 ^- 1442 , 

then <^'(«)=^ 2 ® + 24«*— 1402— 144, 

^"(2)=122<* +482-140, 

<^'"( 2 )- 242 + 48 , 

<^‘*( 2 ) =24 

Ohoose a=4, then < 3 !) (a) =—928, s*>X“) = — 64, 

— 244, <^'"(a) = 144, " (a) = 24 , 

also x = — 936— <^(a)=— 936+928=— 8 

The signs of se and 4>"{a) are not the same 

We proceed to find the root of <^'( 2 ) =0 lying between the pair 
‘Applying series p, the root is given by 






After simplification we obtain the root as 4 244 correct to three places of 
decimal. 

The valne of | \ evidently goes on diminishing as we choose 

now for a the following values m succession, v^z , 4 , 4 2 , 4 24, 4 244 
Of these the value of o sought must be such that a and 4>"(a) have the 
same sign Since <^"(a) is positive throughout the interval, we are to 
find now for which of the above values of a, jj has a positive sign 

By substitution it is found that for the value 4 24 of a, « is — 002 
so that we must proceed further We choose then the next value 4 244 
for a The value of as being -041 we can now apply the senes S to get 
the pair of roots The labour in computing the values of ^(o), 
when a=4 244 cannot be avoided but much of it may be curtailed 
depending on the degree of approximation required 
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When an equation has moie than two nearly equal roots in a known 
interval it is easy to conceive that by varying the mode of collecting the 
terms in we may find a series applicable m a given case 


12 Analogous senes The series p and S have been obtained from 
a consideration of simple collections alone But the mode of collecting 
terms is not necessarily restricted to simple partial collections only 
When we consider suitable multiple collections also we may, if we please, 
obtain other series analogous to p or 2 

13 Up to the present we have discussed rational and integral 
equations only but in what follows we shall have occasion to pass on to 
transcendental equations It is easy to perceive that the methods 
we have developed may be applied to transcendental equations 
as well 


Equivalent senes. 


=<)!>(a) h where h stands for the quantity 1-f i , 

Sf>(a) 


The equation <t>{z)=<l}(a)-jr i maybe put in a form 

By taking 

logarithms of both sides the equation <l>(z)=4>(a) Jc is expressible xn 
the standard form log <^( 2 ?)=log (j>(a) + logJc^ when <^( 0 )=<^(a) + aj 
and log <j5»(«)=:log < 5 !)(a) +log7c are said to be equivalent equations 
Evidently a succession of equivalent equations may be formed 
To each of these equivalent equations the series p or S (as the 
case may be) being applicable a succession of equivalent series may 
be obtained 


Transformation of Eqtiations 


14 In applying the series p or 2 to a particular equation some 
preliminary transformation may appear advantageous There are only 
two kinds of tiansformations, which may be called rooted and 
nou'-rooted Those tiansformations which retain the roots in the trans- 
formed equation same as those in the original are said to be rooted , 
otherwise the transformations are non-rooted In non-rooted transfor- 
mations we are given the relations which connect the roots of the 
transformed equation with those of the original 


15, To understand the nature of the advantage gained by a trans- 
formation we take the equation in JS'.p 6), Art 7. When a =2, 

the series "~^p^ does not yield the root as it is not sufficiently 

oonveigent Let us consider now the following transformation 
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fttride the equateon a*+4i»— 4^’— ll3+4i=0 throughout by z‘ 
This ■feraneformation is a rooted one and the resulting equation is 


Here 


and so on 
When 


a* +4z— 4— lla~^ +42""* =0 
<jt (a)=a*+42— 4 — ll0“*+4z“’, 
(a)=2z+4+lla~®— 8z”*, 

<!>" (a)=!!2--22z-> + 24a-‘, 
(^)=66^-*-96a-^ 
|^••(*)=-2642-'+480a-‘ , 


a=2, ^(a)=3 5, 

<^'{a)=9 75, 

W=75, 

^"(’a)=1125, 

<^’ ”(a) = — 75 

S«hwW>}i^3flg the, above values in the senes have 


a.=2-3J._(l^ 
• 9 75 |2 


75 (3 5)0 3( 75)*-9 75x1 126 

(9 75)» ■ (9 75)“ 


= 2— 358974— 0049562 { 0007527 
== 1-6368, 

■which gives the root correct to the third decimal figure 

It is to be noticed that by transformation the new happens to 
be large m oompanson to <6"(a) 


McGhntocJt’s Method 

16- Having shown the ad-vantage gained by a transformatnm -we 
proceed to consider a standard form ofi an equation which' forms ttto 
basis of a method by transfonnation due to B McOlintock*' Gkven 
an equation <6(z)=0 (rational and integral) it is possible by mnnnn of 
suitable transformations to express it in MoOlintook’s form z*=o)»+ 
nafi^a) where (o is usually an root of unity The senes obtained' 
by htoOlintook for a root of the above equation la deduoihle from /» 

* of M^themattCB, VqI Xyi34 Sp-IJIQ, 
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Let us divide tlie equation ^’"=< 0 ” +wa/(g;) througlxout by fi^z) , then 

n 

na=0 IS a looted transformed equation Putting il/(z) for 

A®) 

na, McClintock’s equation is represented by 1 /^( 2 ;) =0 Now 

P^) 

applying tbe series p we get the one which is identified as the following 
due to McOlmtock 

f7 9 a* 

<«"-’• {/(«>)} [2 

A"‘“s 0+ <“> 

By means of the above series McOlmtock explained a method of 
calculating simultaneously all the roots of an equation In 
the course of development he introduced the ideas of ‘dominants’ and 
‘spans’ m an equation The recognition of dominants in a given equa- 
tion IS at the root of his method as the series (M) can then be made 
convergent by certain definite steps But his attempts seem to have 
failed in the case of an equation having nearly equal roots, Ke puts it 
as follows — 

“ That difficulties will aiise when we attempt to apply the formula 
(M) to oases in which there are no obvious dominants is oeitain. The 
case of equal roots has already been mentioned as of that nature.” 

Ascribing this difficulty to the restricted form of the standard 
equation used by McOlmtock we propose to consider the following more 
general form 

The equation may be put as 

<^(a) 

f(z) ^ 

Representing 




hj xpiz) VTQ have the equation expressed m the form i/r( 2 ;)=i^(a) + jr, 
where »/^(a)=0 
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Notv 


/(“) {/(«)}“ ’ 


-SAV„)/ (°)/(a)-2{/'(a)} » 
'* {/(a)}« 

and so on 


Substituting the above values in the senes 
it in the following convenient form 


we 


can express 


*W) 


,x-f 1 _d 

'''|^V<#)'(a) da 


) 


{Ml! 


1 d\' {/(a)}3 

\ da / 


+ 


when «/^'(a), ^ e , <j^>'(a) is small or zero we should apply the series S to 
obtain a pair of nearly equal roots It must be noticed that Mc- 
Olintook’s standard form excludes such a case altogether 

We have not yet considered imaginary roots of an equation 
This problem will, however, be taken up in connection with the solution 
of simultaneous numerical equations which will form the subject of a 
separate paper in future 
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Weibrstrass ^ 

BY 

G ANUSH Prasad 

1 Kail Theodor Wilhelm Weierstiass was boin on the 31st of 
October, 1815, at Osteifelde m the Munster district of Westphalia 
After studying law at the University of Bonn from 1834< to 18S8, 
he went to Munster where he privately studied Mathematics undei 
Gudermann from 1838 to 1840 He was teacher at the Progymna- 
sium of Deutsch-Kione from 1842 to 1848 and head-teachei at the 
Gymnasium of Braunsberg in East Prussia from 1848 to 1856 
He became Honorary Doctor of Philosophy of the University 
of Konigsberg in 1854 In 1856 his lesearch papers on Abelian 
functions obtained for him an invitation to Berlin as Professoi of 
Pure Mathematics at the Gewerbinstitute and as Member of the 
Royal Academy of Sciences In 1856 he also became an extraordinary 
Professor of the Berlin University and remained there m that 
capacity until 1864 when he became the third ordinaiy Professoi of 
Mathematics, the other two being Kummer and Ohm He lemained 
at the Berlin University until his death which took place aftei a 
long illness on the I9th of February, 1897 

2 It IS difficult to describe adequately the vast influence which 
Weierstrass exeicised as a lectuier and as a guide of researchers during 
the forty years of his stay at the Berlin University Some idea of 
that influence may be formed by the fact that in the long list of 
his distinguished pupils are found the names of H. A Schwarz, 
Fuchs, Paul du Bois-Reymond, G Mittag-Leffler, Georg Cantoi, 
Uhssi Dim, Sophie Kowalevesky and Killing In the circle of his 
mathematical friends he was looked upon as almost superhuman 
According to Professor Miltag-Leffler {Ada MathemaUca, Vol 21) 
it was said AVeierstrass has indeed something super-human in 
him One cannot communicate to him anything which is new to 

AddreSB delivered before the Allahabad XJniyersity Mathematical Asaociation 
on the 8rd December, 1924 as a Patron of that Association 
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him j he knows everything When Professor Mittag-Leffler went 
to Pans in 1873 to attend the lectures of Hermite, the first words 
which the great Frenchman addressed to him gave him a shock 
'^You have made a mistake/’ said Heimite ^^you ought to attend the 
lectures of Weierstrass at Berlin He is the teacher of all of us ” 
These were sincere words although uttered by such a patiiot as 
Hermite 

3 As regards] the nature of the work of Weierstrass as a 

researcher, there can be no doubt that his work brought to a 
settlement important issues in the theory of functions of real variables 
and the theory of functions of a complex variable, and placed the 
theory of elliptic functions and the theory of Abelian functions 
on simpler bases Although the mam strength of Weierstrass 
lay in his logical and critical powei, in his ability to give strict 
definitions and to derive rigid deductions therefiom, he was also 
skilful in the formal treatment of a given question and m deriving 
for it an algorithm Using the language of Professor Felix Klein, 
according to whom, ‘‘among mathematicians in general, three main 
categories may be distinguished,” “ logicians, formalists and 

mtuitionists,” we shall not be wiong in saying that Weierstiass was 
emphatically a logician and not an intuitiomst 

4 That Weierstrass started m his career as a mathematical 
investigator with a singleness of purpose, is clear from the following 
remarks made by him when replying to the Presiding Secretaiy’s 
words of welcome to him on his entering the Academy of Sciences 
of Berlin as a member I ought now to explain m some words 
what has been up to this time the course of my studies and in what 
direction I shall direct myself to pursue them Since the time when 
under the direction of my highly revered teacher Giidermann, whom 
I shall always remember with gratitude, I made acquaintance foi the 
first time with the theory of elliptic functions, this comparatively new 
branch of mathematical analysis has exercised on me a powerful 
attraction of which the influence on the entire couise of my mathe- 
matical development has been decisive This discipline, founded by 
Euler, cultivated with zeal and success by Legendre but developed 
m too one-sided a manner, had at that time since a decade undergone 
a complete transformation because of the introduction of doubly 
periodic functions by Abel and Jacobi Those transcendentals, giving 
to Analysis new quantities of which the properties are remarkable, 
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find also manifold applications in Geometiy and in Mechanics and 
show thereby that they are the noimal fruit of a natural development 
of Science But Abel, habituated to place hinoself always at the most 
elevated point of view, had found a theorem which, comprehending all 
the transcendentals lesultmg from the integration of algebraic diflEeren- 
tials, had the same importance foi them as Euler’s theorem had for the 
elliptic functions Cut off in the flowei of his age, Abel could not 
himself pursue his grand discoveiy, but Jacobi made a second discovery 
not less important he demonstrated the existence of periodic functions 
of several variables of which the piincipal piopeities were founded on 
the theorem of Abel and by which he made known the true signi- 
ficance of that theorem The actual lepresentation of those quantities 
of an entirely new kind of which Analysis had not until then an 
example and the detailed study of then propeitnes became from that 
time one of the fundamental problems of Mathematics , and as soon 
as I comprehended the significance and importance of that problem 
I decided to attempt its solution It would have been truly foolish 
if I had thought of solving that problem without having prepared 
myself by a profound study of the existent means which could aid 
me and without exercising them on less difficult pioblems ’’ 

5 For the success of his attack on the Abelian functions, 
Weierstrass planned roughly as follows (see Poincare’s paper in 4<^ta 
Mathematical Vol 22) 

I To build up the geneial theory of functions, first that of the 
functions of one vaiiable and then that of the functions of two 
variables 

II The Abelian functions being a natuial extension of the elliptic 
functions, to perfect the theoiy of these latter transcendentals and 
to show them m a form in which the generalization becomes clear 

III To attack lastly the Abelian functions themselves 

6 Although the veiy first of the total number of sixty papers, 
published by Weieistrass, was a paper on elliptic functions written 
m the summei of 1840 and paitly published in Vol 52 of Crelle's 

with the title On the development of modular functions,-” 
there is no doubt that Weieistiass kept the afoiementioned plan m 
view and devoted the succeeding six or seven years to a careful 
investigation of many important points relating to the theory of 
functions as is evidenced by the next five of his papers In the 
seventh paper, published m the annual report of the Gymnasium 
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of Braunsbeig for the year 1848-1849^ he attacked the theory of 
Abelian Integrals The next paper, published m 1854 m Vol 47 
of Crelleh Journal and entitled About the theory of Abelian 
Functions,’* was followed by a paper on the same subject m 1866 
in Vol 6ft of Crelleh Journal , these papers biought distinction to 
Weierstrass and led to his transfer to Berlin During his stay at 
the XJniveisity of Berlin from 1856 onwards he was in the habit 
of communicating many of his discoveries to his students in his 
lectures 

7 Weieistrass began to lecture on elliptic functions as early as 
1867 but the fundamentally new shape which he gave to the theory 
of elliptic functions may be said to date from the wintei of 1862-1863 
when he delivered his first systematic course of lectures on that 
theory These lectures he continued foi several semesters and the 
results communicated by him appeared first m the foim of H A 
Schwarz^s Formulae and Theorems for the use of elliptic functions ” 
of which the first edition was begun in 1881 and completed in 1885 
and the second edition was completed in 1898 Halphen’s famous 
book of which the last volume appeared m 1891 is based on this 
book Weierstrass’s theoiy expounded m his lectures has been given 
m the 5th Vol of his Mathematische Weike ” which appeared 
in 1916 

8 Weieistrass*s first lectures on Abelian Functions were 
delivered m 1863 but it is in the systematic couise of lectures which 
he gave on those functions m the winter semester of 1875-1876 and 
in the summer semester of 1876 that he developed the subject fully 
and originally. These lectures first appeared as the fouith volume 
of Weierstrass’s Mathematische Werke ” in 190ft 

Weierstrass also published papers on partial differential equations, 
singularities of algebraic curves, theory of quadratic forms, Projective 
Geometry, Calculus of Vaiiations and Minimal Surfaces He was 
interested in the problem of thiee bodies and once lectured on 
synthetic Geometry 

9 Weierstrass’s last lectures were delivered in the winter of 
1889-1890, and his last paper was communicated to the Royal 
Academy of Sciences in 1891 and bears the title New proof of the 
theorem that every integral rational function of a variable can be 
represented as a product of linear functions of the same variable ” 
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Soon aftei this time Weierstrass became seriously ill and never 
recoveied his health 

10 Although Weieis trass’s genius was of an Older different 
from that necessaiy for the production of epoch-making papers on 
the application of Pure Mathematics to Physics, it will be wrong to 
think that Weierstrass was not aware of the importance of Applied 
Mathematics. In his address to the Berlin Academy m 1857, part of 
which I have already quoted, he emphasized this impoitance 
in eloquent language and expiessed [ the hope that more 
functions would be discovered like Jacobi’s theta-function which 
teaches us into how many perfect squares a given whole number 
can be broken and how the are of an ellipse can be measuied, and 
which alone can enable us to express the exact law according to 
which a pendulum swings 

11 I propose now to attempt a difficult task and that is to place 
before you, in the short time at my disposal, a few concrete examples 
of Weierstrass ’s discoveries , I will speak at length about one of them 
and simply mention the others — 

(a) By giving an example of a function which, while continuous 
for eveiy value of the variable, did not possess a differential co-efficient 
for any value of the variable, Weierstrass brought to a settlement 
an issue which had long agitated the minds of mathematicians. For 
years before, and after, Ampere’s unsuccessful attempt in 1806 to 
prove that differentiability necessary followed from continuity, most 
mathematicians believed that, according to what was called the 
lex eontmmtas,'” such was the case, as they thought that the class 
of continuous functions was identical with the class of functions 
representable by graphs Although Gauss, Dinehlet and Jacobi did 
not endorse the aforesaid argument, none of them had the conviction 
that a function which was everywhere continuous but nowhere 
differentiable could exist, Eiemann thought that 

^ sin (tJ-ioj) 

1 

was such a function but could not piove his statement 

"Weierstrass’s non-differentiable function 

00 

5 cos oo)i 

1 
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a being any positive proper fi action, b an odd integer subject to the 
condition that 


a6>l+^, 


was commuQieated by Weieistrass fiist m one of his lectures in 1861 
and then long afterwards in 1872 to the B/ 03 ^a] Academy of Sciences 
of Berlin ^ it was published by Paul Du Bois Reymond m Crelleh 
Journal j Vol 79 in 1876 In Annah di MatemaUca^ Vo I 8, Dim gave 
in 1877 a general type of non-differentiable function modelled after 
Weiersfcrass Weierstiass’s function was ciiticized by C "Wiener in 
Crelle^s Journal^ Vol 90^ to Wiener^s criticisms Weierstrass made 
an efEective reply and pointed out Wiener’s misunderstanding In 
lecent years two attempts have been made to deprive Weierstrass 
of some credit (1) One was made in 1915 by Dr Gi ace Chisolm 
Young m her Gamble Piize Essay which was published in the Quarterly 
Journal of MathemaUcSj Vol 47 Mis Young’s contention that 
Celleiier’s function, 


OP J 

5- sin (a’‘a?), 

QO- 

a being an even integer, which was alleged by her to have been known 
to Cellerier before 18dl, had nowhere either a piogressive or regressive 
differential co- efficient and was therefore more truly a non-differentiable 
function than Weierstrass’s function which, at an infinite number of 
points in any interval ever so small, possessed those differential co- 
efficients of opposite signs although infinitely large, was shown by Mr, 
Badii Nath Prasad to be wrong Mr Badri Nath Prasad proved (See 
Proceedings of the Benares MathemaUcal 8oc%ety, Vol 3, for 1921- 
1922 and JahreshericJit der deutscJien Mathemahker Vereinigung^ 
Vol. 31, p, 174) that Cellerier’s function was not even non-differen- 
tiable as at an infinite number of points in any interval ever so small 
the function possessed a differential co-efficient infinite in value (2) 
The second attempt was made by Dr M Jasek of Pilsen (Czecho- 
slovakia) m September 1922 before the German Association of 
Mathematicians when he stated that Bernard Bolzano had given 
before 1830 an example of a continuous but nowhere differentiable 
function It is, however, a matter of some difficulty to accept this 
statement when it is known that Bolzano writing his book Para- 
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doxien des Uoendheben in 1847-1848^ says m the footnote to Art 87 
that a continuous function must be difteientiable foi eveiy value of 
the variable with the exception of isolated values ’’ 

(5) In his papei, entitled Definition of analytical functions of a 
variable by means of algebiaie diffeiential equations/’ which was 
written m 1842, Weierstiass lecogmzed the possibility of the exist- 
ence of a function with a natural limit, and the fiist notice in punt 
of such a limit is to be found in a memoii published by Weierstiass in 
1866 

(c) Weierstrass’s factor theoiem, first published in 1876, together 
with the closely connected Mittag-Leffter’s theoiem first given in 
1877, helped Weierstrass to construct easily the functions ^ { 0 ) and 
(T {z) which enabled him to peifect his theory of elliptic functions. 

{d) Weieistrass gave a partial differential equation — 


0®cr 





% 


for (t{z) and used it to expand that function in powers of z up to 
I have lequested Mr Piare Mohan to expand ^ {z), sn (; 2 j), cn(^) 
and dn {z) and obtain the general terms I hope he will do his best 
to complete the investigation on which he has already enteied with 
enthusiam 

(<?) Jacobi had given the theoiem that a function of n variables 
could have at the utmost 2n periods Weierstrass gave a new proof 
of this theoiem carefully laying down the conditions under which the 
theorem is valid He then studied the properties of those functions 
of n variables which have 2^ periods and showed that the properties 
are analogous to those of elliptic functions 

(f) In a paper published in the JBerhner JBencMe in 1866, 
Weierstrass gave the parametric representation — 


v:=zR{(l^s^¥Xs)+2s F(0“2E(5)}, 


z=zn{2sr'(s)-2¥(s)}, 

for the minimal surface, where s is a complex vaiiable, ¥{s) any 
analytical function of s and R denotes that the leal part of the 
expiession within the crooked biackets is to be taken 
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{g) Weierstrass criticized Diriehlet’s principle in 1860 and laid 
down with care the conditions of its validity 

(h) In a paper written as early as 1842, Weieistiass gave a proof 
of the theorem known in the theory of functions of a complex vaiiable 
after Laurent who gave a proof in 1843 

Before concluding this address I wish to thank this large audience 
of young mathematicians who have listened to me with gieat atten- 
tion and to express my fervent hope that some of them will feel 
inspired by what I have said about Weierstrass and take him as their 
model in then future careers as mathematical researcheis* 
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MetJioden der Mathemahschen Phi/stk — Von R Comant und D 
Hilbert Erster Band mit 29 Abbildungen Berlin, Julius Springer, 
1924, 450 pages 

This woik appears m the senes Die G-rundlehren der mathema- 
tisehen Wissensehaften ” as the fiist volume of the book on the 
Methods of Mathematical Physics under the joint authorship of 
Professors Hilbert and Courant of the Gottingen University 
Although, in the preface which has been signed by Professor Courant 
alone, it is stated that the entire lesponsibility for the contents of 
the volume is borne by him, he has added the name of Professor 
Hilbert to his own on the title page because the scientific and 
pedagogic tendencies repiesented here aie the children of that direc- 
tion of mathematical thought which shall always remain connected 
with the name of Hilbert Throughout the book the points of view 
of the calculus of variations play the dominant part, it being the 
endeavour to characterise mathematical quantities and functions by 
means of extremal-properties Nevertheless each chapter forms to a 
certain extent a self-contained unit and can be, therefore, studied 
without any knowledge of the rest Each chapter ends with an article 
containing supplementaiy infoimation and problems bearing on the 
chapter 

The first chapter is headed the algebra of linear transformations 
and quadratic forms, and deals with linear equations and linear 
transformations, linear transformations with linear parameter, the 
'^prmcipal-axes-transformation of a quadratic form, ^e^ the 
tiansformation of a quadratic form with real eo-efficients into a sum 
of squares, the minimum-maximum property of characteiistic values, 
applications to orthogonal vector systems, Gramms determinant and 
solution of a system of linear equations corresponding to a form, 
The supplementary article treats of Hadamard^s theorem on the value 
of a determinant, simultaneous transformation of two quadratic forms 
in canonical form and the elementary factors of a tensor or a 
bilinear form. 
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The second chapter bears the heading The pioblem of the 
expansions of arbitrary functions in senes At the outset it is stated 
that the functions under consideration will be undeistood to be 
piecewise smooth^ i.e , to be piecewise continuous and to possess piecewise 
continuous first derivatives There aie twelve ai tides which are 
respectively on orthogonal system of functions, the principle of con- 
densation for functions, independenee-measuie and dimensions-number, 
Fourier^s series, examples and applications of Fouiier^s series, Fourier’s 
integral, examples for Fourier’s integral, the polynomial of Legendre, 
the approximation theorem of Weierbtrass, examples of other 
orthogonal systems which include Legendie’s, Tchebycheff’s, Jacobi’s, 
Hermite’s and Laguerie’s, the integral equations corresponding to 
an orthogonal system, and supplements and problems 

The thud chapter is on the theory of lineai integral equations and 
contains, after preparatory considerations, the theorems of Fredholm 
for degenerate kernels, the theorems of Fredholm foi an aibitraiy 
kernel, the symmetric kernel and their characteristic values, the 
development theorem and its applications, the series of Neumann 
and the reciprocal kernel, the foimulse of Fredholm, the new founda- 
tion of the theory, and extension of the limits of the validity of the 
theory The supplementary article and problems which conclude the 
chapter deal, among other things, with singular integral equations, 
the method of Prof. Erhard Schmidt for the derivation of the 
theorems of Fredholm, Volteira’s integral equations, the method of 
infinitely many variables and polar integral equations 

The fourth chapter gives the fundamentals of the Calculus of 
Variations under the headings, the formulation of the pioblem of the 
Calculus of Variations, methods of direct solution, the differential 
equations of the Calculus of Variations, lemaiks and examples about 
the integration of Euler’s differential equation, boundary conditions, 
variation-problems with auxiliary conditions, the invariant eharactei 
of Euler’s differential equations, the Green’s foimulse, the principle 
of Hamilton and the differential equations of Physics and a number 
of problems and supplementary facts in the last article 

The fifth chapter treats of the problems of Mathematical Physics 
relating to vibrations and characteristic values The twelve ai tides 
of the chapter are headed respectively as follows general remarks on 
linear differential equations, vibrations of systems with one degree 
of freedom, systems with a finite degree of freedom, systems with 
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an infinite degree^^of freedom, the non-homogeneous string, the 
vibrating rod, the vibrating ^membiane, the vibrating plate, other 
problems involving eharaeteristic values, the Greenes function and the 
solution of problems involving characteristic values with the help of 
the theory of ^integral ^equations, examples for Green’s^ function, 
supplements and problems 

The sixth chaptei consists of seven ai tides lelatmg to the appliea* 
tion of the Calculus of Variations to the characteristic value problem 
The articles are respectively headed the extremal pioperties 
of chaiaeteiistic values, general deductions from the extremal 
properties of characteristic values, the development-theorem, the 
asymptotic distiibution of characteiistie values, the nodal points of 
chaiacteristic functions, the asymptotic behavioui of Stuim- 
Liouville’s characteristic functions and the extension of the 
development theorems, supplements and problems 

The seventh chaptei deals with special functions defined by means 
of problems relating to a chaiacteristic value The five articles of the 
chapter are respectively on pieliminary_iemarks on linear diffeiential 
equations of the second order, on the functions of Bessel, on the 
spherical hai monies of Legendie, on the spherical harmonics of 
Laplace and on asymptotic expansions 

In recent yeais Analysis has become more or less free from 
intuitional points of view , and it has come to pass that many 
representatives of Analysis have lost the consciousness of the connec- 
tion of their science with Physics, whilst, on the other hand, to the 
physicist IS frequently missing the understanding for the problems 
and methods of the mathematician The aim of Hilbert and 
Coiiiant^s book is to prevent this tendency fioin gaming ground And 
there is not the least doubt that the aim will be realized as soon as 
the book receives the wide 'publicity which it deserves 

The book^contains much that’is new As an illustration, we may 
mention the lemarkably simple tieatment of the pioblem of the 
asymptotic distribution of characteristic values In only twenty 
pages, ^ most of the results first obtained by Professor Weyl m 1912 
and 1915 have been given 
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^*The Place of Partial Differential Equations in Mathematical Physics ” 
by Dr Ganeib Prasad, M A , D Sc , Hardmge Professor of Higher 
Mathematics in the Calcutta University 

The spirit of research may perhaps be described as a spirit of active 
doubt, and the description would be particularly apt in the sphere of 
mathematics We have before us the lectures in published form 
delivered by Dr Prasad at the University of Patna in which an attempt 
is made to foster exactly this spirit of energetic doubt The subject 
IS the partial differential equations of mathematical physios — a subject 
to which Dr Prasad’s own contributions are quite substantial While 
the subject 18 placed in a historical setting the author yet gives in a 
brief compass, glimpses of the course it is likely to take in the future 

For instance, the author has shown how the well-known and well- 
trusted potential equation of Poisson fails as well as its generalisation by 

Dr Petrini for the distribution p=cos log - and how also m the oonduc- 

r 

tion of heat and the vibrations of a string the partial differential 
equations in use cease in certain conditions to have any meaning 
Integral equations, on the other hand, are found to offer a better and 
more precise expression of physical phenomena and the author points 
to the increasing role integral or integral differential equations are 
likely to have in future in mathematical physics 
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On the construction of partial differential 

EQUATIONS OF THE SECOND ORDER SATISFYING 
ASSIGNED CONDITIONS 

By 

Harbndranath Datta 
{JJmveisity of Dacca) 

At the meeting of the Calcutta Mathematical Society held on August 
10, 1924, I read a paper on “ A theorem of Lie i elating to the theory of 
Intermediate Integrals of Partial Differential Equations of the Second 
Order ” The theorem* referred to was the following • 

If a fartial differential equation of the iecond order possesses two 
independent Intermediate Integrals (of the Monge s type), it can he 
reddMto tlefmm S=0 hy contact h an ff os motions 

In that paper, it was shown that the possession of two intermediate 
integrals was a sufficient condition hut not a necessary condition for 
equations of the second older which could he tiansfoimed into the form 
by contact transformations In doing so, I found an eisample (as, 
indeed, it was enough to find at least one) in the equation t (l + 3*)r— 
2pgs+(l+p®)t=0 which (i) was reducible to the form S=0 by a 
contact transformation, and (ji) did not possess any intermediate 
integral of Monge’s type 

This find naturally gave rise to the problem of giving a practical 
method of constructing further examples of this type without much 
analytical difficulties The aim of this paper is to supply a method of 
constructing several equations of the foim ar+hs + t=0 easily 

In what follows it will be noted that the whole process of construc- 
tion consists in writing down special values of two arbitrary functions 
and finding out whether the values of a and b thus obtained do not 
satisfy a ceitain differential equation And as it is very easy to choose 
quantities which do not satisfy an equation, the practical difficulty of 
constructing such equations might be regarded as having been reduced 
to a minimum 

* See page 296. Art 264 of Forsyth’s Theory of Differential liquations, Vol 6 
t The well known equation of minimal surfaces. 
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ThelMethod 

<1} A differential equation can be reduced to tbe form S=0 if its 
solution can be expressed in the form — 

x-f(u, v), 

y^g(u, v), 

z=A(w)4'^(v) 

For, in that case, we can transform it in such a way that 
X=w, Y=t?andZ = 2 :, 
and this reduces the equation to the form — 


8*Z 

dXQY 


=0 


as Z=A(X)-f^(Y) IS the form of the solution of the transformed 
equation in terms of X, Y, Z, the new variables 

(2) The transformation used above is a contact transfoimation* as 
being a point transformation, it is a special case of contact 
transformation 

(3) From what we know of the general theory of Intel mediate 

Integrals, it is clear that an equation of the form /( < , y, jp? 0 =0 

Will possess any intermediate integral (a, y, z, jp, g)=0 involving 
an arbitrary function if the subsidiary system of simultaneous equations 
in the derivatives of u does not possess more than one common integral 
In the special caS© of an equation of the form 

the conditions for the non-existence of two intermediate integrals of 
Monge’s type can be more definitely stated as follows — 

If the equation ar+&«+^=0 does not possess two intermediate 
integrals of Monge’s type, and if the roots, cr and p, of the quadratic 

a/x* + 

Lie’s defimtion of the most general contact transformation (see page 316, Art 
128 of Forsyth’s Theory of Differential EquationSf Yol 5) requires that the relation 
dZ — PdX— QdY=p(d«;— should he identically satisfied, the quantities used 
having the general meanings given in the book referred to But here both the sides 
aie identically sero 
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are unequal, then it is sufflaent that the equation 




A(P) 

A'(P)'HA"(p)-XP 


=0 


be satisfied foi at least one of the two possible assignments of <t and p 
without the vanishing of the four constituents in the deteiminant, 
where 




A'- I 


9 ^ Qp 


A-. + P^, 


Xs and Ps -MeI 

cr — p cr — p 


11 

The Equation ^-=0. 

Oonsidei the case in which a and b are functions of 2^ and q only 
Tn this case, those equations of the type whose solutions can be 
expressed by a set of the foim 

a, y, 2 =a function of « + a function of v 

are given by 

V V r— (w4‘t^)«+^=0, t 
where q-^up^f{v.) 

and q—vp:=:g(v), 

f and g being arbitrary functions of u and v alone respectively 

^ See Eli} 6 (page 252), 2 (page 268) and Aite 244 46 of Forsyth’s Theoiy o/ 

IhffeienHal Wquafion^ Tol 6, where the necessary and sufficient conditions for tbe 
possession of one intei mediate integral of Monge’s type, one internaediate integral 
involving an arbitraiy constant and no intermediate integral are respectively given 

t See Prof Forsyth’s paper on Pai ital 'Differential 'Equations of the second ordei 
having integral systems free from paitial quadratures,** Proc L M S, Vol 5 

page 167 
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Hence, by (1) ot § I, it IS deal that these equations areieducible 
to the form S=0 by contact transformation 

And since a and 6 are functions of p and q alone, p and a- are also 
functions of p and q alone Hence, 

A(X)-A'V)“0> 

A(P)=0, 


and A'(P') + A"(p)-XP=0. 

but A'(X)— IS not 5! ecewanly zero 

Hence, m this case, the problem reduces to wiiting down special 
Talues of the aibitiaiy functions /(«) and g(v) and noting the cases m 
wliicli nnt zeio 

Ea amples 

1 JL 

(1) Taking /(m)=i(1+m“)^ and and also 

- M+^^i+P^+q' and - Pg-^/l..+£l±i!_, 

^ l + q^ 1 + 


we find that 




Hence, the corresponding equation, viz , 

(] +g^)r— 2p^s4'(l+p®)j^=0 

gives an example of the type required, a result which was previously*’^ 
obtained from the first piniciples 

(2) Again, if we tahe 1 and g(v)^l’—v, we find that 

AX ^)— ^*=^0 

Hence, (q^ — l)r-2fp9r-l)54-(p“ -1)?^=0 

is another example of the type required 

In this way, we can, construct as many examples of this type as we 
please, 

* See my paper on “-4. theorem of L%e lelahng to the fheoiy of intermediate 
integrals of partial^ etc Bull Oal Math Soc , Yol XV, No 2 <fe 3 (1924 26) 

Bull , Oal Math Soc , Vol XT, No 4 
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On Two Pairs or Pactorable Continuants* 


BY 

Satisohanura Chakravaety 
{Bengal Teclimcal Inshhite) 

1b a recent issue of tlie Bulletin of tlie Calcutta Mathematical 
Society I have discussed one Eactoiable Continuant t In the present 
paper are given four more Factorable Continuants which have been 
obtained with the help of Heilermann’s Theorem J They form two 
pairs, the continuants of each pan being the numerator and the 
denominator of the fi action from which they have been deduced They 
have all been evaluated deter mi nan tally and some algebraic relations, 
vtz , theorems (1), (3), (4) and (,5) have been derived 


1 Let denote the series +^^+ 1 +g'r+8 4- +g'« 


where qr 




(a""-!— -1) + x 

n and r both being positive integers , 

Let be obtained from the following manner 

,( 1 ) 




+ 9^n--a^njw 


* For references on the subject see “ On the Evaluation of some Factorable 
Continuants ’* BwU Ocd Math 8oc , Vol XUI, pp 71 84 

t “On a Factorable Continuant,*’ Bull Cal Math 8oc , Vol ZZF, pp 219-238 

t Journal fur Math 33 (1S54\ p 174 For the general case of the theorem 
see Haripada Datta, “On the Failure of Heilermann’s Theorem” Froc Edin 
Math 8oc, Vol XXXV 
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( 2 ) 


=9ri,+„. 


9 


r+l*',.4.3,« 


+ 


+ 





r #n 




(ap— 1) 

c 

r + a »« 


+ 


(P-1) 

+i^» +-} j" 


+ 


+ q._. 


(p-1) 
p^n — 9 p + 9 )» 


Then# 


(p) 

r,n 


rM-r+2 -1 ; / 2p-i-2y 2»-+2p-l "1 (i>+l)(2» 2' 2^ + 1) 

= L„-r-2;,+lJ/ V 2 2,-1 ) 


where 1 ^” J denotes the pioducfc (a" — l)(a""’— 1) 

and ( ^ ) the product (a'-llCa'-’-Dta”"*-!) "1) 


Proof — 


1 j (a»--+a-l)(a«-’+>-l)tt^' 

”(a«— 1) a>”+“ I ((’"-■‘ — I 


(a— •+,_l)(a»-''-l)a*’' + » ) 

' o»'+'-l j 


The difference of the two expressions equivalent to g, +1 is obtained bj 
substituting r +1 foi ^ in 3, The other teims may he similarly 
expressed 

Then theorem (1) may he proved by induction for 


(p-l) 

f 

H ’ r + 2»»i 


(2p+2)o' 


(23+ ])(2t) + 1) 


\rn~p + 2 n “(p+l)(i+P) 

I L « — 1 — ‘2ji, + l-J 

j V ' 

I ( 27-1 ' 

L 
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r »— »+l I 2(j) + l) (» +23 + 1) 

^ n — 1 — 2 ^-^ 

/ 2 r+ 2 p 4 -l \ 1 " 

\ 27 + 1 / 

.ibBuming tliat if tlie tlieoiem bolds in tbe case of 

C 07 


t 


{p) 


a ,n -1 



( 3 ) 


where ”S, denotes the sum of the products of a, taken 7 

at a time 




^ n — 3 ?)-l- p ~ I 




e Q 

—a i»+ c ^ c 




9 -IQ 

c — 1 


( 2 ) 


Foi,‘ after removing the common factors from the left-hand-side 
expiession we have 


_ 1 

(a>»+>_l)(rt»-' — I) (ai»c + i_j (a»-»i»+*_i) 


(a"+‘'+'-l)ro”’-»'— 1) 

(a» p+i _!)(«» «+i—i)(a"-'_l)(a"-*'+*—l) 

a "--'— 1 _ l)fa’'’+»— Do"-’'-' _ o *— 1 

1 (o’"-*— l)(o"+'’’— ir o’+'-l 


(a “ _ 1 ) ( a" -a _ 1 ) £i!i 
( a»— >_l)((i«+p_l) 


(4) 


and 


(a“ 


a*-’— 1 a’’ 

— l)(a* — l)(o’’—l) (o”— l)(a* 1) 


a"+r+» — 1 

(a*’-+'— l)(a— ’'-’■-l)(a»’'+’’+'— 1) * 


• ( 5 ) 
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These two theorems may he proved easily 


4 The continuant 


1 a— 

1 — a 

2a'-l 


1 , 


- 2 , 




T 1 (a“-l)(a»-l)a’‘-=' 


1 /_■!« 1 
\ ) 2 (»;-') 


1 , 


(-)"2 


2n 


= (l-x)(a-r)(a’‘-J!) 


.. ( 6 ) 


Here if e^. denote the element of the principal diagonal in the pth 
row, then the elements, except the first, of that diagonal aie given by 


"64 ,-+5—2, ^ 


/ n+2r-l \ 

iV ,i_2,+l / 


/ n + 2Q \ 
\ -2^ / 


and 


/«+2rV 4 m 
1 ^ n — 2r ^ 




/ n+2r+l \ 
\ — 2r — 1 ' 


Proof — 

(^) On. tlie continuant perform the operation 

Wan colan + ^in-i COlan-i + *•. + coll 

where *1^6 other multipliers are such as to make all the 

elements except the first of the last column, vanish, Then from all 


MCTORASLB CONTIlSrUi^NT 


1^51 


the Gven rows except the last and from all the odd lows except the first, 
we have two sets of equations, viz, 

and + = 0, . (8) 



7 hemg a positive integer which varies from 1 to n—l. 
From the last row we get 

From (7) and (9) we have 

=:m2, — ajm2,+a + — 

and from (8) and (10) we get 

Hence from (10) and (11) we have 
= ?c,, aJ^ 

— - 1 , 7i , ^ , a? ^ 

— Ij ^n~45 
“"Ij 


a)% 

andwar= — 1» 

— 1 , 

n - 1 


(9) 


(10) 


( 11 ) 


- 1 , 
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Thus tlie multipliers are all continuants 
(^^) From (10) and (11) we also have 

(_)' + ! ^(Wfir+a — i«Wa^4.4 + aJ*Way + 6 — 

= A/, 7}ia , +* — (A'r }*+4“*^^9 y + 0 “h 

= (^» + *■+ 4 , — — ^(Arr—aj)} 

x{ma»* + o — aWar + g-f* } 


In this process of eliminating mg,, +45 ’ the co-efficients 

are governed by two rules, viz , 


Cj, — 

and Djp = A:» + 2 »--iO^-i ) 

where C^, IS the co-efficient of ^lat+ajp that of the expression 

— y jj.a jp+a **” 1 +ai*+'*"b } 


The two formulae of (12) may be proved by induction for 

Ojp— D|,=icOjp„i * 

Thus eliminating all the multipliers except we have 

(-)’'*"^iWar-i= 0 «-. 


{%%%^ ISTow 0 !5s Aiy j Cj — Acy+i Af *• > 

C,=l,+.0, + !B»0j=*r+,A:,+iX., + + ^*1 

0 


by (12) 


^ 1 _p ^ ^ \ ^ ^ X* 1 

) \ ACi-ACy^l y ^rAfr + l ^r + 8^r + 3 ) 


0*-D4«(^r,sC3+#«Oa)-(&. + sO8-«»?ij. + aOa+»®tr + i0x-»»fc,+»*) 

=sa)*C 3 +aJ^r+aOa"~»*0a+»®A;,.=5fljA;^+3Oa + ii®A;r «=»0, 


Th® general case may be similarly treated. 
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L. \ 


3* j^fc,J(,+i(i:,+,* 


^ r 4 - mhf 


^ 1 W 1 1 L.1 

^r + S^r + A-' ^r + i^r + a ^r + S^r+4 J 3 

Proceeding in this manner we hare 

( ( 1 ) 

j + n-1^* 

(w) 

+ r ,aj»+«4. 

r + l n -1 


where the highest power of is n — 'i or n — r — 1 according as n — t is 
eyen or odd 




/ n+r— 1 \ 
\ n— r-l-1 / 

rn' 


-s._, 


r«-r n 
L^— 1—1 j 

^ i ^■^^*-l)(a*--+‘-l)a*— 


r«. 

L«- 


1 

■2p-l J 


2p + 2 \/2r + 2p4-l \ (p+ l)(2?t'— 2r-“2i)-~3) 




/2p+2 \ /2r+2p4-l \ 

V 2 A 2r+l A 


by (1) • 

m, , may he easily obtained with the help of {!) and (13), 


Hence m 




+ ’S,.,«*+ . +*s. 


* J»+i , f 
"T »*• r 
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and 


— 1 


+ *‘S, 


ijtp+fi 4. 

-ap-s* ^^si» + 6 1 




S a a 4 . 

H-ap-45*^ ' 


Tims, after the opei'ation, the first element of the last column is 


^ r —• I- m,a 


= — ) (1— i^Ca— ;p'i(rt.* — t) (a""* — ,1) 


in either oase when n ;s odd or even 

This element of the last column, multiplied by (—)«»’»“ 1 gives the 
Talue of the continuant 

5 If we omit x from the first element of the continuant of Art 4, 
the value of the continuant is 

(aj + l)(a5 + a)(.]j + a*) (uj + a"-^) 

This may be proved by performing the same operation as given in Art 4 
Oor. (i) From the continuant of Ait 4 when a=l, we have 


aj— in, 
1 


-a;, 

-2, 


(w + l)(n— 1) 


"(2n-3,l) ’ * 

1 (— )"2l2w 

=(1-*)" 

Here (jp, s) denotes the product {jo(p— 2)(p— 4) ( 5 + 2)4 

Gor {u) If X he omitted from the first element of the principal 
diagonal 1 ^ Cor (t) the value of the oontmuant=(l + ai.)’‘ 
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6 The continuant 


X — 


a“— 1 
a-1 ’ 


(a'*^ — IKo*"*- — l)a 


a-, — 1 

(g-*-’*— l)(g“-°— l)a» 


(a»-l)(a'— 1) ’ 


x, 


:{(ai— !)(»— a)(iB— «*) (i- 


(»’ 

-a-*)} 


(g»’- 


-l)(g — l)a* *“• 


-!)(«’ 


■1) 


Proof (z) In evaluating this continuant we are to perform n 
successive operations which, may he stated thus — 

If denote the multiplier of the column and Z that of the last 
column, then m the operation 


— A;+2 J Lw+r— Z;4-l 

m, 

/ 27~-3 \/ 2 n ^2 

^ 1 / \2n-2/b + 2 /L 1 J 

and Z=i — 

where Ic varies from 1 to In the case of the first operation I is, 
however, governed hy the general rule 

(zz) We may substitute for the above operations a single operation 
m which mr the multiplier of the column will be 


(“•) 


.-1 a 


(r^iy 


[ 


L 1 


1 r n + r— 1 


JL 


2r 


] 




{(.B— !)(.(!— a), >■-»)} 


r»— ITTw+i — 1 1 

12 JL 2r + l J 

+ . 

/2w-2 \ fn-r-l I 

V2r+2;L 1 J 


{(»— l)(.«-a) 
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Thus in m, the highest power of » is n—v and the co-effioient of 


18 






[“"] [ 

n+r — 1 -1 

2r-f 1 J 

/ 2ll“2 \ r 


( 2»+2 )[ 

. 1 J 



[V][ ; 

pp — 2 -1 “ 2 T a*'"*’'— 1 

J L 1 JL 1 J 


rVii] 


a'-'+'-l’ 


Here the last term of the series within the hrackets is 

, 2r+2i)-2 «v / 2r+2p-2 

1 ( 2r+y)+l ), or / 2r4^ 

^ ^ ^ . 2r4'jP“ 




) 


[?]( 


2r+25 — 2 

2r + l 


j L 1 J V 2r+l j 


according as p is odd or eren 

Now if in the expression within the brackets we put a= - 
y=r— &•'+», then we can show that this expression is zeto or 

^ ° — 1) . . (6— l)}{(l+i/)(l + 6®y) •• (l + Z'’’ 

according as p is odd or even * 

Hence in w, , the co-efficient of 05*""*"“^ is zero or 


and 




+ipr + iP(r-l) 

-»+»~l -1 

2r+l J 

[ 

• ft— 1 - 

1 . 


:V)( 

^ 2n— 2 \ p w- t — p 

^ 2r+2 / L 1 

-| / 2i+p— 1\ 

Jv 2r+l ) 

(0 


(-) 

according as p is odd or even 


( 15 ) 


8se theorem (8) “On a Factorable Oontinnaiit,’* BiM Oal Math 8oc , Tol 14, 
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{ill) If we perform tlie single operation on the continuant then 
the hist element of the last column is 


/ a*-l\ 


in which the co-efficient of is 

r -1 


(-)" ^ 2»-2 ^ 

by (15) in either case when f is odd or even 
Hence 

( .■- 1 \ _[5 ]<“'-'> 

2n-2s 

\ G ) 

x{(v-lKv-a)(3i-a*) (^-a""")} 

(zv) The r+lth element of the last column is 

in which, if p be even, the co-efficient of is 




r n+r -1 r n — l-i 

Mp- 1) L 2r+5 J L 1 J 


2n — 2 > 

\ ( 

; V 2 A 2r+5 

29+6 ^ 


1 a*”’ —I 

( 



£j« + r + l_l 

■1) (a»''+>-l)(a*-’->’— 1)C 


T) 


by (15) and (5) 

If p be odd, the co«efficient of it*”***"^ in and and the 

co-effioient of ^ ^ ^ in are all zero by (15) 

Hence in either case when p is odd or even, the element of the 
last column obtained from r-f 1th row is zero Thus all the elements, 
except the first, of the last column, vanish 
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{v) TKe multiplier of tlie last column is 
■ w— 1 • 


(-)" 


[ 7 ] .<->• 


/ \ 

\ 1 ; 

and tlie product of the elements of the lowei minor diagonal is 

[ 2wHhl- n p w — 1 n 

»+i ] [ 1 ] 


( 2n— 3 \ / ari.— X \ 

1 )v 3 ; 


2n-l 


From (%v) and {v) the value of the continuant is leadily 

obtained 

a**-! 


7 If we substitute 


a— 1 


fot the first element of the conti- 


nuant of Art 6, then the value of the continuant 

= {(!»+ l)(« + a)(.c + a») (-« + a“-i)} 

This may he proved hy performing the single operation of Art 6, on the 
continuant 

Oor. (i) From Art 6, if a=l, we have 


e— «, 

13 ’ 


- 1 , 


2* 

15 


- 1 , 


n* — (n—l) 
(2n— 3)(2w— 


This continuant is due to Mr. Datta.* 

Oor (jii) If we substitute oj+n for x — n in the first element of the 
continuant of Oor, (t) the value of the continaant is 

(x+iy 

^ Hawpada Batta, On the Theory of Oontinned Fraction,” Proc Mtn Math 
Soc , Vol XXXIT 

Bui , Oal Math. Soo , Yol XV, No 4, 1926. 


On the bvalwation or a class or Deeinite Intborals 

By 

Avadhbsh Narayan Stn^h 
( Calcntta) 

In a revie’w published m March, 1922, in the “ Bulletin of the 
American Mathematical Society yoI 28, pp 60-61, by Professor 
Dunham Jackson, the relation 




ain^ 




0 


IS giTen "With the following remaik, “,I do not lemember seeing a proof 
of this relation in print , I am personally indebted for various de- 
monstrations of it to Messrs Grown wall, Landau, M Reisz and 
I Schur 

The object of the present paper is the evaluation of the general class 
of integrals 




sin”^ 


dx 


Three methods of arriving at the results have been given by me, and 
each method has been completely worked out with reference to a 
particular case of the geneial miegial The general integral was 
evaluated by Prof T Hayashi* but the method used by him is open 
to the objection that he obtains his results by pioceeding to certain 
limits One of the methods used by me is that of contour integiation 
and I believe that this method has never been used by any previous 
writer for the evaluation of the general integral 

I take this opportunity to express my thanks to Dr Ganesh Prasad 
at whose suggestion I took up the woik and under whose guidance it 
was carried out 


* Yide ^leuw Archtef vooi wisluunde, voL 13, 1921, 
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(Jdss A. * (tfidf ti both od/d (DihH 7¥i‘>'ii 

First Method 

(1) As an illustiation of this method we shall evaluate 


oo oo 

I sin® j:- j I -e' 

) — -T5)’ 




dl 


"J " 


0 

Let 

and let us oonaidei 


t/ ) ^ ^ — 5e* 4-10<^' 

T2iyT^~ 


\ 


f{^z)dx 


0 

ovei the contour 0 formed by 

(1) The t-axisfiom — R to— ?, 

( 2 ) the uppei half of the circle | 2 ! | = 7 , (y) 

(3) the r-axis fiom 7 to R, 

(4) the upper half of the circle \ z | =:R, (c) 
where R — ^00 and r — ^0 

Now taking the four paits of 0 separately we have the integral over (1) 

—7 — f 

5e’®" + 10e'* 






d I 


-R -It 

Putting x = — t, tlie above becomes 

e-*6'_5e-'»‘ + 10e-* ' 




R 




di 


R 




— 5e”' * ® ^ 4 . lOe*" 


dt 
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The sum of the integials over (1) and (3) is 


(e- »»_«-* ‘ ) + 10(e‘ * -6“ ' ^ 


Let the integral ovei (2) taken countei -clockwise be denoted by 






Considering each membei of the nnnieiatoi separately we have 


(i 


'■“- Id - f - 1.'*' 1 4 . 1 ^^^'’’” 

2* L J ■^L 21s J "“21^“ 




dz ^ 

21 z ^ 




L J 


(2^)»2l^ 




_.ds -h 

2 ' 


] V * ] 
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The first and the second expressions on the right equal 

d 

^ 3 “ sm®r) 

and — respectively 

2 r* 2 1 r 


Both of these tend to zero as r — >0 
Also 



I 


» * * 
e 


y 


where k is a positive integei 


I=_W‘^ (5‘- 


-5 3* +10) 


= (5‘— 5 3* + 10) 

2 » 2 '^ 


The integral over (4) 

4- 

(2z,)» 

c 

But 



where k is a positive integer, 


tends to zero as R 


oo 


The integral over (4) 


J 

0 

vanishes when R — ^oo 

Now, as /(r) is holomorphic within the contour C, by Cauchy’s 
Theorem 


0 
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^ e , the sum of the integrals ovei (Ij, (2), i 3) and (4) is zero 
Therefore we get 


oo 

sin®.t 


= - -^,(5* -5 3* +10) 


2 We now integrate 


oo 

^ sin”*( ^ ( («** — e“* 


— e“** )” 


In this case we take 


1 \ »(tn~2)* 

fU) = ^ — < e — me^ -h 


m—l 


+(-i) 2 ,, 


m ' e 




!■ 


and integrate over the same contour as in the preceding article 
Reasoning "inst as m the particular case above we get 

(a) the snna of the mtegi’als ovei (1) and (3) 


=i 


sm c 


dx , 


(5) the integral over (2) taken connter-clock-wise, when t— > 0 


2''* (^n—1)’ 






nt— 1 


-f* ( — 1) 2 


{■J-{w— 1)} ' {i(.w+l)} 
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(c) the mtegial ovei (4) vanishes when R — >oo, 




2"^ — 1)' / J- ’ 


?«.— 1 


+ (-l) 2 


{Kw— 1)} ' ' 


Second Method 


M 


i ®“” dl - 

sin”* t 

XVJ. . 

1 

L (n-l)^"-^_ 

^ (n-l)J 


M 


1 + T" 


- (am”* < ) 
dos (lx 


d ^ 

i: (sm”*uj) 
dc 


' L (n-l)(n-2)t”~ 

€ 


-J 

(n— l)(n 


M 

1 I < 

L)(«-2) J 


dx 


- (Bm”'.r) 


M 


[ am"* i 1 , 

€ 

+(n-i)' j 

e 

When e — >• 0 and M — > <», we get 

oo 

r sin“i _ 1 i 


-0 


(«— 1 ) 


_ _ 1 
' « J 


M ^n-l 

Ctt 




oo 


dr 
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ISToWj when m is odd, 


m — 1 


m— i 


1 2 

= (— ) 2 ^ ( — 1)’ ""0, sm(m — 

^ 1=0 


— _ (sin”*.!), where It IS odd, 

dii 


m-l 

w«~ 1 „ 2 ?{ — 1 

'(— ) 2 ^ g (_]) 2 ’"C, (m— 2?)""'sin(w— 2r) I ( — 1)’ 

^ »=0 


w + n — 2 m — ] 
.(- 1 ) 1 


2 m^l 


?=0 


( — 1)’ “C, (m— 2r)””^sin(m— 2r) / 


A.^ 


sin j TT 

£i~-da 5 =™, 

a? 2 


0 


where p iH a, positive integer, 


w + w — 2 m— *1 


<* 2»fn-l)t 




Thi7d Meth(>d 


4 The integral 



d « 


(where m and n aie odd) can be e\aliiated by the help of the reduction 
formula 


m 

I. 


m(m — 1 ) ”■-» 

;k- 1)(«-2) («-i)(w-2) 
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Which can be easily proved The repeated application of the above 

1 educes l“ to the sum of a number of integrals of the type 1^ (where 
p IS odd)* The integral l' can be evaluated by expanding the numera- 
tor, which will give sines of multiples of and dealing with each 
member separately 


Case B : m ami n both even aaid m>n 

5 This case .s quite similar to case A, and any one of the above 
three methods can be employed We get the foimula 

oo " -1 

-1)' ”0,(m-20*-' , 

(By first metbod') 

(By second metbod) 

The application of the third method gives integrals of the form 


OO 



All these can be evaluated by expanding the numerator and then 
integrating by parts ” 

Case C: m even andn odd, and m>n>l 

First Method 

6 Contour ixitegiation can be employed for the evaluation of tbis 

case, but we have to choose a contour difeient fiom the one employed 
in § 1 


r 2 

Ifiin^i _ (lY"'' TT ^ 

J r" 2”(n-- 1)’ 7rx0 
0 

or 

fn + n 1 

_ ( — 1) 2 IT 2 
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As an illustration we evaluate 


o© oo 



Take 


/(O = 


2»r» 


and integrate over the contour V formed by 


(1) the t-axis fiom r to R, 

(2) The part of the circle 1 | ~R lying in the positive quadrant, 

(0) 


(3) The y-axis fiom ^R to it, 

(4) The part of the cn cle | | lying in the positive quadrant 


(C) 


Thus we have 




f(z)d: 



H 

I » 


+3 



— 4e»”+3 


di 


e-*>'_4e-»' + 3 




•,dy + 


e<.'«_4e»“+3 
2»s» 


dz 


R 


0' 


NoWj the first integral 

R 

J 


Jtl 

.1’" 


R 

cos 4r -«4cos 2a3+3 , , I am 4 ^ — 4sm 2^ 


2» 


(I ( +i I ' 




-das 


R R 

I sin^ ( , , Isin4t — 


4 sin 2i 


(a) 
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The second integral 


i dz vanishes "when R — ^oo 

J 2^.^ 


The thud infcegial 
r 


\ 




idxj 


B. »• 


n 

“3 ^ 


4e-s» 4-3 


dy 


_ r _ 1^ . r 4e-*>-8e-»> 

L 2-* 2^® L 2^ 2 


R 


»-4y p-a y 


=[- 


,-*11— 4e“’ +3 
2*it» 


■4B — 2E . 


.r^ -] 


, rj--_4e-*’- + 3 I , r 4 e-*'- 8 e-'' ~\ 

+ L — J + L" — 2^^ J 


R 

]- 


e-*«'— e“”' 


-dy 


(&) 


Tbe fourth integral 




4e‘''+3 


ds 


r e*"— 4e="+3 *|^ T 


L 2» 2. 2' L 

2® 2.Z J 


•}- 


^ ( - 16 )!. 

0' 


4 


2* z 
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e-4 •• _4e-! -• 4. 3 -j — 8e-= ' 

2* 7 •* J L 2*r 


e«'-'_ 4 e »*'43 1 ^ r 4 ie* ' ' -Sie' ‘ ' 

2 *r' J'*'L 2 ,* 1 



dz 


id) 


Now, as/(2) IS holomorplnc within the contour T, hy Cauchj’s Thcorein 

r 


te, the sum of the four integrals vanishes Thciefoie iahingnote 
of the fact that the i-eal part in the last two bicjckets out-^'ide tho 
integial sign in (6) ctincels nith llie leal pait in (d), and then equating 
the zeal parts and making R — >00 and q — >0, "v\e get 



00 


^-4 y 


y 


(hj^O 


But by a 'nell known formula* the second of the above two integrals 
IS log 2 Hence 


i 


tilJp dz^log 2 


The general case when m is even and n odd can bo treated similarly. 
The foimula obtained is 


j,- 2»-‘ (n-iyr^ 


log(Mi— 2r) 


0 


* See Toclhiinter*8 Integral Calculus p« 273 



i 


i50 AN SINGH 

Second Method 

6(a) The method given in § 3, can also be employed for the 
evalnation of the above case Before pioceeding to the evaluatioD, we 
shall establish, an extension of Fiiillani’s theorem 

oo 

log A 

I a 

0 

We shall show that 
oo 

{ A<^)(a t) + B<^(2> f ) + C<#>(c a ) + 

0 

~ — log a+B log 5 + C log 

where A-hB + Cd- =0 

with the same restrictions on <#>(0 as in the original thcoiein, (a, 6, 
c being positive) 

"P^oof — Foi convenience let ns take four terms 
oo 

{A^(ai ) + B(fi(hx) + 0(l>(cx)'i-T)4^(dx}}it 

0 

oo 

A^(hi )} + {( B + A)<^(6( ) — (B + A)<;f)(ox)} 

0 

+ {(A + B + 0)<#)fca3) }"— ( A + B + 0 f + (A + B + OH^ J))s^>(da)) J— du 

The last term vanishes, by virtue of the i elation assumed between 
the co-efficients 

Applying Frnllanrs theoiem to the bracketed parts separately we 
obtain 

~A(log a-log 6) -fB + A)ilog &-log c) — (A+B + O) (log c~log d) 

= — { A log a-f B log b-pO log c+D log c?} 

This establishes the theorem 
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7 We now proceed to the evaluation of case C § 3 give* 


oo 

( sin”*f , _ 1 ( 


(fsin”®) 


m being even, we have 


sm'",, = (-1)’ ('O'l (m-2j) 


o».“i 


f=0 




»»t+ « — 1 


* ( — 1) ’ (w~-2?) "‘C, cos{m-'2?)t 


Putting .1=0 lu the above we find that 

(- 1 )’ 

t =rO 

where m is even and n odd, m>n>l, always vanishes 
Applying the above extension of Prullani's theorem, we get 


) ~ 2"-'Cn-l;' -0 

0 


(-1)’ j""Mog(w-2») 


Third Method 

8 The reduction formula of ^ 4 can also be employed to evaluate 
integrals of the above type Tins method is illustrated by thefolloTv- 
xng example 



rk«i: 


4 3 1 » 4”^ 1 « 

21 " 
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( a) the integral 



(5) the integral 


QO oo oo 



N'ow, 


oo oo 



0 0 


oo oo 



( 3 ““*(l-~cos 2.r) 
' 2 


dxda 


M 



€ 


And 


1 


oo 




oo 

6-"*sin*x dxda 



2 1 +COS 4ix)d da 



<1** *4" 2 






• IcZa 
“ / 
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. The principal value of the integial I 3 is given by 
M M 

^00 [ (! W 


c- 

M- 


M 


=^1^0 t ( — — . ^ V“ 


riog^£i±i‘4 1"" 

M — >00 L (^a*+ 4 “)^ -J* 


rlog 2 


9 The case when n=l has not been treated We shall show that 


00 


-d?< =00 


We consider the integral 
nw 


But 


) ^ ij 


(r~l)7r 


rrr 


I oj J 0— 


(r— Ij^r 0 


(by putting aj={(r— l)ir+y} 


nr ^ 

> -ifsm-'ydy 

.) » 


(r— !)*■ 
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Expaiiclnig and integrating the right hand =11116 we gai 


cl, > — 


21 j>- 


(^ — l)7r 


Sin -* ^ t 


> 


4 1 


2: - 

1 


Hence 




ri, =:o& 


Case D: m is odd^ n is even, m >)h 

10 This case is similar to case 0 and the method of contour into- 
oration of § 6 or the method of § 7 gives the formula 


oo 

/ - . i; 

1 fE!L-d»=— 2 (— log(w— 2i) 

J x" 2”‘-'(n— 1)' 0 


tin' ^(w— 1) 


11 A method in all esbentiak siinilai to § 8 can also be applied 
The method is illustrated by the following example, 


OO OO OO 

^ d , = ^ ^ r-°‘ sin»g 


dad ( 


0 0 


oo oo 

.-a » 


=il 

) a? 


(sin & e — 5 sm 3aj -f* sin x) dxda^ 


0 0 
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The principal yalue of the integral is given by 
M 

€ — ^0 1 ( tan""^- —5 tan'"^^4’10 tan“^ i \ 
M >oo J V a / 


da 


Putting 


we get 


~ s= cot 0 (where k is a positive integer) 


M ct=hl 

^tan*”^ =— K ^ $ cosec® ^ d$ 


a =€ 


a=M a=M 
ss: /c -j ^ cot ^ J ^ ^ 

a=€ a=€ 


a=M a=M 

K I 0 cot ^ J + 1^ log sin 0 J y 


«=« 


Lt 

€— >0 

M- 


M 

^ tan*”^ ^ =: K ^ cot 0 J 


M 

+ Lt log sin ^tan“' | 


€— >0 

M — >oo 


M 


= — K + Lt M log Bin (tan-^ ~ ) 
€— >0 ^ ® 
M— >oo 
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The principal value of the integral is therefore given by 



1 _ 

2 * 


^5 log sin ^tan~' ^ ~ ^ ^ ^ * 



M 


oo 



+ 10 log sin 


2* 


log 


sin’’ 




3^» 



% 


Case B: m and n not restricted to he integers 

12 As the different cases coming under this head can be evaluated 
by the methods dealt with in the previous cases, we shall only give the 
results, and wherever necessary an indication of the method In all 
cases when m is an integei we shall use the formulas 

oo 

j r(a) cosec (Iva), 

b 

where (0<a<2) , and 
oo 

I 0^0! aee (^ira), (0<a<l ), 

b 


[Bulef] 
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The several cases that arise are — 

(a) m IS odd, and 0<^<2 

Expanding- the numerator and considering each member se|)arately 
we obtain 


oc 


c!t= i— ^ — > r-D’ ’”C, (m-27 

2- rn)siii^n7r fjQ ^ 


(h) m ts even, and 0<n<l 

A process similar to the above shows that 


oo 

sm*" < 




0 


(c) m IS odd, and w=2j9 + c, 0<c<2 (wheie p zs an znieger) 

We may use any one of the methods § 3 or § 4 The result is 


1 


in + 2p—l 

2 - w(m-l) 


sm^ r , ^ _ t — 1) ^ ir 

,t " 2” r(w) Sin-gCTT Q 




(d) m zs even, w=2p + c, 0<c<l {where p is a positive integer) 
The result is 


i 


m 


+ 2p 


dx = ^LJ_^ J (-1)' -•0,(m-2r)-‘ 

r” 2”‘ r(n) cos^CTT Q 


{e) mis even, w=(2p-|- l) + r, 0<c<l {where p %s a positive integer) 




oo 

aj" 


m + 


dx 


(-1) 


“2^ ^ 2 


2'" V(n) 0 


(-I)' •'C,(m-2rr 
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(f) m IS a fraction whose numerator and denominator are both odd, tiaal, 
m'>n 

This IS a known case * 

(g) m IS a fraction whose numerator and denominator are both odd, and n 
IS odd, 

This case can be evaluated by the help of the reduction formula § 4 
or by the method of § 3, and (/) 

In conclution we observe that a large class of integrals can be 
obtained by transformation, e g , the class of integrals 

OO 

fsxn^) 

0 

* See Whittaker's Modern Analysis, page 262 
Bull Cal. Math Soo., Vol XY, No 4 
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On the STABITITY op YORTEX rings op PINITB CIllCUIiAR 
SECTION IN INCOMPRESSIBLE PLUIBS 

By 

N1UPKNDJIANA.1H Sejn 
{Univernf^ of Calcutfa) 

In a recent issue of tlie Bulletin of the Calcutta Mathematical 
Society it has been shewn by me that when the vorticity obeys a 
certain law, it is possible for a ring to move with invariable circular 
section The law of vorticity and the velocity of translation were 
calculated for a ring of a fairly large circular section The ob 3 ect of 
the preeent paper is to consider the stability of that anangemenb 
I find that the arrangement is quite stable so that even when the 
circular shape of the cross section is deformed slightly the form of the 
cross section varies simple-harmonically but the ring continues to move 
with its velocity unaffected. 

Preliminary remarks and definitions 

2 Let it be supposed that centroid of the vortex filament lies on 
the “ circular axis ’’ of the ring, 

2a) = vorticity, /c= strength of the vortex, 

6=radius of the circular axis, 

cylindrical co-ordinates of any point referred to the centre 
of the circular axis as origin and the axis of the ring as 
5:-axis, 

r=:distance of any point from the circular a^as, 

^0=lncllnatlonL of this distance to the plane of the circular axis, 
so that r cos 

V =velocity of translation of the ring parrallel to 0 -axis, 

, a = radius of the cross section in the undisturbed position, 

I=log®i-2, f=r, \=log??-2, <r=i, 

^ if c ct c 


m 14, p. m-ae*. 19a* 
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V® = ~ = V COS a, ^ = V sm a, 

^ dz'* ’ c^c 

i/r= Stokes’ stream function, 

C CQ^(j> <f<j> 




+ c^—2cp'coscji + p'^y 


Then, it can he proved that at any pnoit (p', (j>\ z') ouUide the 
vortex filament* 

cop co'^<f> d<^dpdz 


, p' fff cop co^(f> dcpdpdz ^ 

JjJ cos <5 (>+pM‘^ 


=C//“ 


di dz J 


.. ( 1 ) 


where the integral is to be taken ovei any circular section of the 
ring 

Kow, it has been proved previously t that if 


0= . ^ . . S l+Aar®oos20-f-A3r® cos3^+ .1, 

isira’ L -I 


(2i 


■wher* 


A,= 


36\+25 1 

16 c*’ 


i. etc, 

* 16 c»’ 


at any point of tfie cross section of the ring, then it is possible for the 
ring to move with invariable circular section 

3 Next, let the central circle of the ring move to a distance 
Zq from the plane of xy, and let the cross section in the disturbed 
position he given by 

r=a [1 + 2 (a« sm w0 + /3,» cos w0)]» (^) 

* Bui Cal. Math Soc , Tol 13, p 120 
t ' Bo , Vieh 14, p* 268 result (18) 
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wltere are very small quantities so that their sqiiarei and 

products etc can he rejected 

,, From (1), (2) & (3), 

ff\ 1 + A,r> cos 20+A,r> cos 361+ . V-’-Vc°sCfl-a) 

0 0 ^ 


where limit r in given hy (3) . (4) 


= M. 

2v*a* 


[/“A 

0 0 


l + Aj}’ cos20+Aa» ® cos3d+ 




Stt a[l + 2(a^sm m^ + jS^cos w0)] 

+/ / (l + A.1 

0 « '' 


T P,hU 06 7ni7;j 

* cos 2^ + Agr* cos 3$+ ^e-»*Vco8(9-«) J j 


hp' 


.a r2ir 


2v’ 


r* cojs2dHhAar* cosS^Hh.. ^ 


0 0 


X {lo(r\7)-“2Ii(rv)cos(^— a) + 2Ia(rv)cos2(d— a) }rdrdO 


,tir ^ aS(aOTsmm0 + jS^^cosw^) 




(l + A5(a4*r)*cQs2d+A3('a+r)®cos30+ ) 


X 1 — ( a + 0 Voos (d — a) + “t ^ . ( ^ I (a+r)d}dB] J 

•, e“’'^°'’®^®““)=Io(rv)-2Ij(rv)cos(0-a) + 2I.(rv)cos2((9-oi) etc. 

where !« is Bessers function of the order with imaginary modulus^'*' 

= o-^. r 2v j Alj(av)+A,0082a^ Ig(av)— A,cos3a ~l4(av) + . . | 
27r»a® L t V V V } 

** Whittaker— Jfodem Analy$i8 17 7 and 17 1 


16a 


neipendbanath sen 


2v . a^(a,^sinmff + firn^osme) 


■ii 

0 0 


oVcos(0-a)|'i_y^C(js(a-a) 




— ^ . ^(a+r)dreJ^J» 


27r*a*L <• 


"8 192 


+ V’o»2o ( 1+ + ^ ■'■ • ) 

_i^,W.(l+ “-^+ )+ ■ ] 


27r 


+ ja* {l„(aV)-21x(aV)cos(0-a) + . +2(-l)"l„(av)cos m(fl-a) 

0 

+ , . I S(ainSi-ii J J 

neglecting a^* etc, 

_A^%„*((l+!^-+ )^- 

+ 2S(— )’^ a„Binma+j3„cosma ^I„(oVj J J 
4 'No-w it can be proved that 

A 

V-J=l (-l)(-3) ..(3-2«)(i^^) J. 


.. ( 5 ) 


Modern AnalystHf p 366, 17 7* 
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Again, =Z — ll^scos6+( — _^_cos2^ 

c 2 \ lb Id / 

. / 3/4-5 . 3Z-1 C5^ \ 3 ^ / 12/4-11 
+ ( ^ X9l j* +( -2048- 

+ - 4^- ^ V*'*' 

Plfif >= J. S-cos^+( 2i±3+co^ \ 

c \ c dc / c's i. \ 4 4 / 

= J oos2«-“-;*±^, 

f \ c do / ( 4 

^(L^)‘''=cv4 i - (“) 

r(J-| )‘j=^{(-i)-(»-i)'— «+■■• 

terms containing powers of , (11) 
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The'ie results are taken from Dyson’s paper “ Potential of an anchor- 
ring” Part I and II Phtl Trans A, Vol 184, 1893 pp 1086-7 

Hence, from (5) 




27r L 


1^1 r 
2 c 


cos 


Scr 


cos 0 + 1 


-a 

»> — — . 
"mr” 


. (a^sinm^ + Z^rnCos m J 


neglecting ~ and higher powers 
c* 


( 12 ) 


No'w, 


4- -®L ®i2 I O’ 
dt Qf Q^o 9t 9® 9^ 

.From (3), we hare on the surface of the ring. 


.. (13) 


— = { 1 -t- 2 ( “«8in ^m.e COB me)}a+a^me{a„<iosm0~ Pm 
dt 


But 


-f (a„ Sin mO -I- Pm <308 in6)a} 


dt 


.. (14; 


fj+i, 


4 ‘Jl-isin e-t-i sin< 

pr 27r(c—^ cos ^ 2 f 

+ ^“^1 <308 m 0-P„ sinm^)} 

- 1_ i sm (9-h 2— (a„ cos ml9-;8« sm mO) [ 

^TTC ^ S Cl ) 

approximately on the boundary r= 2 a to a first appi oximation 
Also 


. ^ 

^ p Qr 27r(c— r cos 0) 


approximately. 


2wa* 


nearly, when r=a 


Also it 18 easy to see that 

§L =cos&,|L =- 

9c Wo 


-sm 


dO 81 n^ 9^ 


cos 0 


S'l ability OJj' ^"OllTEX BING^ 
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Hence from (13) and (14) 


I 

2'7rc 


(4X+5 


sm ^4*2— (a^cos — sin m$) 


— sin 0 


^0 

dt 


4- cos 0 c 


= a + !S I (aa„— +a„a) am m0 

+ 2( (aj3„ + )cos m B 


Substituting the values of 

8r Or 8^ 8^ . 

9c 0^ ’ ac ’ ^ 

whence equating the co-efficients of cos mO and sin mO on both sides, 
we hare, 

a=0, 

« 

c=rO, 

'•=''=4("4 )=&('»« l-j ) 


a«. + aa.- , 

^rra 2a7r 


ct^„ + a^.+ 


27ra 


g^fc 

2g'7r 


From the last two equations we obtain, 


2a7r 


(1— m), 


/S«= 


fai. 

2a7r 
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Bence 
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k*(m—iy „ _^n 

4,r»a‘ ~ ” ’ 


4ir‘o* 

whicli she'ws that the oscillations are simple harmonic the period being 


47r’a’ 


A(m--l) 

Hence, we find that the motion of the iing is stable 

Thick Eing 

5 If the rmg he pretty thick, we have from (5) 

, V r 1 4 - — + A*o*( ^-,+^ ) 

^ = 2w L ^~2A )c dc ( 192 V12 684 J 

+ 22(-)"(A„sinwa4)S„coswa) I„(aV) Jj 


+ . 






STABILITY OT TOETBX lUKGS 


+ I + (o>- 

32 ^ 32 A*^ y 16012^ 192 \ 80 

- ( 1+ W +J— 1 -2 cos 30-4 

48 \ 80 / j ^ 

t ( 1 A* I ^ 3A^a®c ) 1 

I 192 V 12 '*'384 ) 64 


^ ) *»zi COS ^4- COS 3 ^ , 

X i cos 26 5+ 


4* S (ct« sin + cos )| 
mr”^ / J 


Substituting the values of 


I dj /I d y . , 

from (6) to (11), and neglecting $* and similar terms, 


2^+5 I oo\r' 
~rr “rs 20 ) — 

lb lb / c* 


K [i-‘-±-‘ioo.«+( 

1-lfe 


36X425 cr*c 
384 r 


cos ^4 


36X425 / <r^ 


192 192 


X Uos20-'=2!l+£2L§^ + 


. ( _ 1 _ . 36 X +26 

(3072'^ 16x192 


83X+16 

768 


]?(■ 


2cos 3^ 4- 


■• ) 



168 


NUlPENDEAKfATH SEN 


_ 3^5 c; 3^2 ^ a « _ »»■ » + “■ 1“ 

afi4 r 16 s‘ \ * 


4 8X+17 QQg 30 ^ g JL a„ sin m& + cos m6 ^ 1 
^ 768 s* ‘<^'> V ' 


8* 


— L Qjf' = £ sin + 5 -* Bin 25 

pr 05 2irr(o— r cos 5) L 2 c o c 


( '^l±^ sin 5 - sin ^ ^ 

V 64) 64 / c* 8 r 


sin 2B 
2 


Z' Bin 5 + ^ - 1 + ® sin 

“V ^ ; c 5 ^ 384 


+ 3^2 £l(_2Bm25 + , 

16 s’* V 4 / 


_ 4 8>-+17. gin 35 + S f “« “os m.5 — /J. sm w5 
256 s* r”V 

On the surface of the rmg from (3) 

.®£ = — r l+<rcos5 + o’’ cos’ 5+ . 1 [” -t si® ^ 

0# 2irc L » J L * 


)] 


_ g. Bin 25+^. cos 25 0 + sm 25-<r’ ( sm 5 

_ 3^1 gin 35 ) + K* S ^ (1— 2a, sin 25+)3, cos 25) 

64 / o ( O'* 
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sm 20 1 ( 4X+1 ^ , 3 SI 


Sin 3^ 


32 


. 36X+25 , . 

+ -384- 


3A.+ 2 
16 


p/ o r,,vi 0/Q_j ^ + 3 Sin 3(9 \ 48X+17 , o/i 

-’2 sm 2y + cr ^ I — — A .. or» S6 


4* 2 cos mO-^/3^ sm ^ J 

r 4X4-5 ( ^ , cr sm 2d , cr* , , aC\ 

_ L- — •s sin d4- — 7 ^ — 4 7 -(sin 30 + sm d) ^ 

TTC L o 2 4 I 


4X4-5 

lb 


(T -< sm 2d 4- O’ 


Bin d 4 sin 3 d 


1 3 r 




I 


aj(c0S d—COS 3d) 


4)^8 (sin 3d— sin d) I 4 cr® sm d4^ (cos d 4-008 3d) 

] 7do 2 


^ (sm 3d4-smd)4 2 ~ («« cos md— sm wd) J 


= ‘ r™»( *X+5 60X+11 .. 

27rc L \ 8 768 

45 ~ ( COR sin mO 


) 

)J 


(15) 


NB 


In the above, the value of 


0r 


has been calculated correct to 


O'* , A being supposed to be veiy small, cra„,, etc , hare been 
rejected m companison nth /3^, etc Furihei, it can be proved that 
tti, are of oidei cr^ag, cr^jS^ and have, therefore, been left out of 
consideration , for, the centroid of the vortex filament being supposed 
to lie on the circular axis of the ring, 


R 27r 



wr cos d rdrddrrO, 

m 


R 27r 


II 

0 0 


car sin $ rdrdd=0, 


■where limit R le given bj ( 3 ) 


170 


nripendeanath seh 


From the first equation and from (2) we have after a little 
simplification, 

A,a»+ ^ A,a»+ + =0. 

which shows that /?! IS at least of the order t e , atid can 

therefore, he rejected in comparison is ith etc 

Similarly can he shown to he of the order cr'a, and can, theiefore, 
he rejected in comparison with a.^ etc 
Also 

p 0r 

Since It IS evident from (14) that we are to calculate aO coirect to 


« , we have on the surface of the ring (3), 


Ic 1 _ ^ 

2 ' 7 r(c — T cos B) T 27rc 


^ i approximately 


As before, 

Br /I 5^ sm 0 0^ -«_cos^ 

r. a-r=-"'' h=--' s-:- -r- 

Hence fiom (131, (14), and (15) (16), we have, 
a +a S(“i» sin m^+/8„ cos m.d') + a'^m6 (a„ cos sin md) 

? n .*»2 

+a2(a„ sin m6+ j8. cos m^) 

^ fnin (9 / 4\+5 , 60X+11 a_ cos inO 

— /3. sin mO^ 1 —Vein d+c cos &, 

^ # 

r 

a -f s ^sin wd ^ a + a a.*— } 

+ COS wB 
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17I 


= 1- + + (a„cosm0 

2irc L (.8 768 3 o-«=A 

— j8i, sm m0^ J —V sin 0 + c cos 0 

Hence equating tlie co-efiBcients of sin m0 and cos mO etc . for 
difEeient values of wi, we have 


V- 1 \ 

2^0 V 8 768 r 


a=0, 

c =0, 


aa^ + a 


r=— 

^Ijra 2a7r 




‘27ra 


2a7r ’ 




fl =_ 


$ «.. 


• . A-vw-ll* „ 

^ + — 1 — 7-T— 

"* 4a^ir^ 


which shews that the oscillations are simple harmonic the peiiod being 

4ir’a* 

U>H-1) 

Hence we find that the motion of the thick cu-culai vortex ring is 
stable 

6 In the above we have got the icsult correct to <r» but the method 
can be readily extended t« find out the stability correct to higher 

powera oi 


m 


KEIPENPBA?IAT5 sen 


Wa find that the Telocity of translation remains nneffected,* r*. 

^ C 4X4-5 . 60X4“ 11 * 7 ^ 

2vc \ B 768 5 

Hence the ring continues to moTe Tritli its previous velocity though 
its form vanes simple harmonically. 


• See Bui Cal tfath. Soc. Vol 14, result (16) 
Bnl. Oal. Math Soc., Vol XV, No 4 
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A ^OTB ON THE TIME IN HYPEHBOLIC ORBITS 


By 

Becttpendra Chakdra Das 
of Calcutta) 

T1i€^ time of describing any arc in terms of two extreme radu and the 
chord has been given by Euler in case of paiabolic motions of comets 
and by Lambert in case of elliptic motions of planets in very neat forms. 
A corresponding result in case of hypeibohc orbits (which are alio 
possible foims of the orbits under the law of iiniveisal gravitation) is 
given in Plummer’s book on Dynamical Astronomy, using hyperbolic 
functions. Below is given a different proof leading to different form 
of the same result 

Evidently in this case, v denoting the true anomaly of any 
position P, 

VT, 

dt To 

where and T o s-^e the mean distance and th® |l®riodio time of 
the Earth 

Thus measuring time from the instant of perihelion 

V 

^ To 

2^0 5 J 
0 

Now u denoting the eccentric anomaly of 
hyperbola 

r=a(esec«i— 1), tan — ss 

a(®— see#) 

and BO 


th© position P, on the 

V I tan u 

a * 


see# 


dvc 
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Hence we get 


-1) sec u du 


O 

= S" ( ?. )’'[•**« )] 

The time of describing any arc PP' is theiefore given by 

= JT-P ( fL Y* r 2e sec u sec sin 
jLtt \ (<o / L -6 


w u —w 

T“ — 


—log ^seew seci4'(l + sinn')(l— sin ^) | J 

u and. denoting tlie eccentric angles for the points P and P', 
find as 

( 1 4- sin -It') (1— sin w)=:l4‘(sin w'— sin sin sinu 
= 14-28111 cos — i ^ cos(w'-“«) — cos(w'4'tt) I 

— 2siii cos + 2 1 1 — co8(z4'— «) I 2 ( l + cos(fi'4‘t^) I 


=( 


n'4-n , 7fc' — 


cos 4- sin 




we get 




-> / ’—‘Vt fA — « 

2e sec sec u sm — ~ cos — — 

2 2 


—log ^ sec u sec «' cos +sin “ )* 1 J 
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W © also liave 

r=a(esec 1), 
r'=:a(e sec w'— I) 

So tbafc 

r4'»''=^3t[e(sec t4'+sect4)*—2] 


=2rt sec w sec tt' cos cos — ij 


(n) 


-Again, K denoting the chord PP', 

#c» =a» (sec u'— sec u) » + 6* (tan w'— tan u) * 


=4a« sec»« sec»«' sin« +fe*-l)cos* ] 

=4a‘sec‘tt eec’n' sm* |^e*cos» -costtcosu'J (lu) 


Let us substitute 


and 


e V sec u sec cos =: sec a, 


Vsec M secw' cos =sec ; 


and as 

identically, the last assumption gives 


cos* — — sin® =costtco8w', 


's/secuseou' 8in sstan 

4:2 


(i)> (^Oj (ill) HOW become respectively 

n 

S’ (a"; )^C®®®“*®'°^-H(sec/3+tany3)*], ... 


r+r'=2o[sec a sec y3— 1], 
K=2a tan a tan 


.. (iv) 

.. (V) 

... (Tl) 
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Finally substitute 

sec a sec /3+ tan a tan ^=seci 7 


sec 


a seo/3+tan atan ^=seci 7 
a sec tan a tan (3=^Becrj' ) 


(vu) 


Then 


tan®7;=sec^o;— l = (sec a sec /3+tan a tan /3)® — (seo*a — tan*a) 
= (sec a tan /S+sec /? tan a)® 


giyes 


1 


(▼m) 


tani7=secatan^ + sec^ tana'] 
and similaily tan Ty'^sec a tan /J—sec /5 tcin < 

From (vii) and (viii) we easily derive 

tarn; + tan 77'r=2sec a tan / 3 , 

Bec>7 + tan >; = (seca-|-tan a)(sec /5 + tan yS), 
sec 77'+ tan 77' = (sec a— tan a) (sec /8+tan 78), 
and so (seo77+tan 77)(sec77'-f tan77') = (sec ^ + tan7S) 

Equations (iv) to (vu) now give 

r 4 -r' •i’K^ 2 a (sec 77 —1)' 
r =z 2 a[sec 77'—!) . 

and 

T= (~) [^C*ani7 l-tan V)— log(seO’?+tanij)(seci7'+fcanV^]... (x) 


(ix) 


The auxilhanea r] ana rj' being given in teims of r, r' and x hy (ix), 
the time of describing the aio is given by (x) 

Bull Cal Math Soo , Vol. XV, No 4 
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de rUmicmle de Shastowg 

Ell outre des couis fondanunlanx <\ | lo^iamn cs poimaneuls en 
vue des examens de licence et croo^ie^atioii, les coiDsde leehnch 
suivants seiout piofesses en 1924-^2.3 ct lutcicssciont paiticuheiemvut 
les candidats au diplome d’ctudes bu]ieiieuies efc aux Buctoiatb 

d'Universite ou d'Etat 


Premter SemesUe Notewhe 1924 a Fchuo 1925 

M Bauer Theorie des quanta (2 h pai semauie), 

M Cerl Solutions ^ingulicies des equations diJIeientielles et 
aux den\&s pArtielles (1 li ) 

M. PriSehefc Th(Sone des ensembles absiiaits (3 h.) 


Second ScmesUe . 31au 192b-Jnm 1925. 

M. Bauer : Constitution dos atomes (2 li ) 

M. Fr&hct liepr&entation d’une loi empu-Kiiio par un« formal©. 
Adjufatemont (3 h.) 

M. Thiry Un chapitro do rhydrodynaonqae (2 h) 

M. VaLron : Thdorie nouvelle des fouctions untiebios et m^romor- 
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M. Villat . Rechorohes sur cortauies «?cnciaIisationH do I’dqtmfion 
differentielli' do Lamu ofc sui la th&rte des 
surfaces muuma ( i h,) 
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